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Recent progress in heavy quarkonium

» From complex to stochastic potential
- Schroedinger equation i%‘P(X,t)=£2M _%wm}p(x,t), X = (%, %,)
- Complex potential  V(r) =Ve.(N+Viu (") 1ocD (Laine, et al. ©07)

- Stochastic potential lattice (Rothkopf, et al. ‘11)
P(X, 1) =UX(At|0)¥(X,0), u(g“(mm):exp{—%At{H(xH@(x,t)}},
(O(X,1))=0, (O(X,t)O(X",t'))=h(X,X")5, /At

., O |
= 1h—Y(X,1)=sH(X)-=T'(X, X)+E(X,t)¥Y(X,1).
at( ){()2( ) (_)\}( )
Complex potential noise

E(X,t)z@(X,t)—%{@)(X,t)z—<®(X,t)2>}, (Z(X,1))=0
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Recent progress in heavy quarkonium

» Corresponding classical system
- Stochastic Hamiltonian = Brownian motion w/o friction
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- Diffusion equation in momentum space

3 (6,-DV2)f (p)=0
c.f. Fokker - Planck equation (at -V, (Fp +DV ))f (p)=0

- Stationary solution = uniform in momentum space

Without friction, energy rises forever ...
(Quantum version: Ehrenfest relation)

How can we describe friction guantum mechanically?



Path integral on CTP
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ZLiy 5,1 =Trl0 (0.0; 1) AU (0,0; ) )=TrlU (0,0; 1)U (0,0; ) )

~ [ Do ol o e (iS (0) ~iS (0,) +i[ v, ~i i,0,)

1:1 6ji (Xi) In Z[jl, Jz] iy =0 . <TC 171@' (Xi)>conn
_ o° InZ[j,, j.,] o (THO)P(X,))  =GF (X, %,)
51()(1)51()(2) b 2 i =0 PURIPAR2) ) conn = 11 A2
» 7 52 o A A <
A, (%), (X;) N2l ko i, ,=0 B <gp(xZ)qD(Xl»conn =G (X, X,)




Path integral on CTP

» Application to QCD (gA + v)
Z[n,,m,1~ [ DIvoA 1olvaA" yaAr Teisy —isy +ifyum —ifw.n,)
X EXP iSlqA—iS§A+ijj1A&—iJ'j2Az)
p=p5®p° — PlVaA” WoAT = SL0AT QAT o[y

E:Environment _ _ o
S:System * Ghost and FP term omitted for simplicity

Influence functional
—  =Z%[j, ]
—ep(-1/2[ G i, + 1.GF i, - G, - .G §,)
<exp ([ G, il + G, jiii +)



Path integral on CTP

» Approximations
- Expansion in j up to 2" order
—> An approximation best satisfied in weak-coupling
-> However, let us also focus on the structure of dynamics.

- Non-relativistic limit (Foldy-Wouthuysen transformation)
W — (Q’ Qj)!
S, =Q"(i6,—M +Vv?/2M R +Q[(i9, - M +V?/2M Q. + O(p*/M?)
jO — QTQ T QIQC
j= QT(ﬁ/il\/l b —QZ (ﬁ/il\/l bc + O(p3/l\/l 3) - Truncate (NR approx.)
+Q'5Q! +Q.5Q + 0(p2/|\/| 2) - Neglect (quenched approx.)



Path integral on CTP

- Instantaneous approx. (~ladder approx. in Bethe-Salpeter equation)
Time scale for j is slow < Time scale for G is fast
—> Satisfied best in weak-coupling (cross ladder = higher order)
e.o.
GF(xy)~G (X, NSt -t,) < G (Xy)=[ dG (xy)

[ OOGT (VM = [ L(ZHG" (% 9§50

=V(X,y)= —{gR (X,y)+1G " (X, V)} Complex potential
X,y)=-G (X, y) Dissipation




Path integral on CTP

» Influence functional | j: NR approx.

A

V,D: Simultaneous (ladder)

Z" s i1 | Upto j2 2-body interaction

~op(—i/2] iV~ 1V J, ~iD(d, + 1,1 )

» (Bare) Green functions

Gl (X) =9 j dz(A,,(%,-i7)A,,(7,0))

T qq
Gab,,uv(x’ y) — Ilm _Gab”uv(aL X’ y)

w—>0

)i

=Real potential

=Imaginary potential
and dissipation

O (@.%,9) = g [dt e (A, (x.1).A,.(7.0))



Effective Hamiltonian and renormalization

» Why Hamiltonian and renormalization necessary?
In order to discuss density matrix.
(It will be clear In the next section)

» 4-fermi interaction for y1,2 on a single time axis

Z[m.7m,]1~ | Dyl ™ w3

<explisy —isy +ijwlnl—ijw2n2)qu[jl, j]
Z% iy J]
~ exp(— i/ZCJ.ﬁX,y iVii— iV i, —iD(j,j, + jzjl))



Effective Hamiltonian and renormalization

» Time arguments at t
- Which order in Hamiltonian?

v,y ,N[yy]??

- Fermion bilinears
Order of fermions = time arguments in path integral

T =T

For later purpose, define Vo =¥,V =¥, 1, (t+6)-- 1, (t—¢)

»

w1(t+e) = mpa(t-) and yra(t+e) ==+ ywo(t-g)

- In Instantaneous Interaction
—> Symmetric in all possible order in time
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Effective Hamiltonian and renormalization

» Effective Hamiltonian

- Inserting fermionic complete sets on a single time path
- Fermions are time-ordered

- Time evolution of what?

(™[ TR0 t,0) 20 ©.0)" )|w;™)
- j Ay diz jWB[wu]p [y 73" Texp (iSY ~iSY 2Ty, J.]
pi o
*fln ~*fin

Wy

o [ o] W (i W) = T

*Coherent state built on empty Dirac sea for HQ # HQ vacuum

11



Effective Hamiltonian and renormalization

- Change basis to
<Q1 ’Qlc E<Q‘9Xp _IQQl +Q Qlc:|

335 e -[Q10 -G o)

4

<Q*(fé;‘ Tr (U (t,0)pU (t,0)" )‘ Q;(T;> & This is what we want

Qi Qo
= Ide(IQ)'dQ;:; ID[Q% 201 P Q;:;’Q;EZ')]GXP( IS"”)Z i Jo]

QléT:l) Qz'(ncI )

Qi Qs exp =i [ dtH ||, (@i, Qam |, = oo, G

Convenient to have Heff iIn normal order for Q1 and~Qz (not Q2)
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Effective Hamiltonian and renormalization
- Results 12)
o = [ #0230 [Q1G1+ QL1+ QU@ + QL0

3 QT ( 2}\21) Ql + QT ( QM) Ql
WA PRV 2M>~
(i

. 1
gUb — §/d?’:):d?’yZQ v

int x y_’
VE, VM ) ‘ 00+ 0O
Complex! [+§fd3xZ§CFL { ( )CQMLQT - Ql }C e

] + const.,

1(2)

Jl NR J1 NR

[:[1(1123) = %/d?’xd?’yZ2V (T —9§)N {jQ,NR( )32 NR( )
1 ’VVE(QQQQ—F@Q Qo ) -|
[+2 fd xZ;Cl {—Vﬁ {Q2( < )Qg —|—Q2 ( < )Q2 }J} const., (38)
my = — / Aad*y 22D, (7 — PN { i (DI85 () + e @ite@ } . (39)
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Effective Hamiltonian and renormalization

» UV divergence and renormalization

- Divergence
Vb (T=1) = 0ab Vi (T—=Y), Dab ju(T—Y) = dap D, (Z—Y)
V, (0 =(V® =V, +VE, v __y _v® _y0 _yM) (diggonal)
=2 Vvac = divergent, D = Im(V) = Im(Vmed) = finite

- Rernormalization of vacuum contribution

- correct kinetic term at k~(MT)Y2~typical HQ momentum

- correct potential at r~1/T~(typical exchanged momentum)-?

VvaCC 2 VvacC 2

Perturbatively, Zg(T) = g(T)/gbare or just Zg(T)=1, g=g(T)
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Effective Hamiltonian and renormalization

» Renormalized effective Hamiltonian

f
A (1 + Ll 7, (1 )2) M |Q1@r + QL.Qu]
Hoye = /d8$<

( y C*F 2,2
i (1+ 25 Z< ) ar [24: + Qb
(-t

( Vi (T — { J1.N J1\IR( }

1 -
+§fd3:€d3ng(T)2< —Vo (@ =y)N { J2,N JQ\IR }

~iDyu (T = PN jl,m 7)j8%r () + 354 (@) R (D)
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\ + (1 A CFZ o(T )2> [@1 ( QM) @1 + Qlc ( QM) @1(}

/

Ve

QM) ~2+@£( ( QM) @%}

-

/
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Density matrix
» Generating functional of density matrix
ps | Q1 Qe Q3. Qi t| = (@1 Qillps(0)]Q5. Qs = (Q1, Q1 Q3. QW (1)),
@11l = @lew |- [ {Q@Qi@ + @eL@} |
0G5 = ew |- [ @ { @00 @ + @R} 1)
- Time evolution
In analogy to Schroedinger wave equation

%PQ [Ql*(c) ’ 6;@) ’ t]

5 ~
—He{q(c Qo= i Qo Qe = 8@ }Qh Qo t]
1(c 2(c)
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Density matrix

» Density matrix and master equation
- Single HQ
ps(T, . 1) o (QIQ(T)ps(HQ" (7))

) 5 % * Nk )k
[ — Ps [Qla@lcaQ%QQc?t}
2

B 0
0Q71 () 6Q35(77)

QT(C) :Q&c) =0

a = - * V:?: * VQ . = = -
zapg(:z??y,t) = {a —a" +0 (2]\4) — b (ﬁ) +zd(x,y)}pg(x?y,t)

1 v Mo
0 = M+§VI$210FZQ(T)2, h=1- et L Z,(T)?,
d(T.7) = Z,(T)*D, (7 — 1) {tG‘@(l?ﬁ/z’M)“} [—t“*@(l,—ﬁ/iM)“}
T y

% This master equation is unitarity
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Summary

» Starting from non-equilibrium field theory on a closed-
time path, we derive renormalized effective Hamiltonian
on a single time.

» The Hamiltonian has complex kinetic term, mass term,
and potential.

» Master equation and forward correlator for any heavy
quark system can be derived from the effective
Hamiltonian.

» Above, we took non-relativistic approximation, adopted
ladder approximation, and truncated many-body (>2)
Interaction among heavy quarks.
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