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R. F. Álvarez-Estrada a

aDept.Fisica Teorica I, Fac. Ciencias

Fisicas, Univ. Complutense, 28040, Madrid,

Spain

Nonequilibrium Quantum Meson Gas: Di-

mensional Reduction

1.-Scalar Quantum Field at Equilibrium:

Dimensional Reduction (EDR)

Imaginary Time Formalism

Real Time Formalism
∗SEWM-2012, Swansea, U. K. 10-13 July, 2012



2

2.- Scalar Quantum Field Off-Equilibrium

3.- Nonequilibrium Dimensional Reduction

(NEDR)

Quantum mesons, with microscopic dynam-

ics described by unrenormalized relativistic Her-

mitian scalar quantum field operator φ(t,x)

in 1 + 3 dimensions: t: real time and x =

(x1, x2, x3). Unrenormalized mass parameter

m. Unrenormalized quantum Hamiltonian op-

erator. H =
∫
d3xh(Π;φ).

h(Π;φ) = 2−1N [Π2+
∑3
i=1(∂φ/∂xi)

2+m2φ2+

V (φ)],

Π = ∂φ/∂t. N : normal product, V (φ) =

gφ4/4!. g. unrenormalized coupling constant.

Ultraviolet cut-off: Λ.

Quantum meson gas: large statistical sys-

tem Infinite number of degrees of freedom

of the field → statistical behaviour (no “heat

bath”). → quantum and thermal fluctuations
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Scalar Quantum Field at Equilibrium:

Dimensional Reduction (EDR)

Imaginary Time Formalism

Quantum gas at thermal equilibrium, at
finite temperature (KBβeq)

−1 (KB = Boltz-
mann’s constant)→ equilibrium quantum den-
sity operator ρeq = exp(−βeqH).

For given Λ, equilibrium generating func-
tional → functional integral over field φ =
φ(τ,x) with source Jeq = Jeq(τ,x) ( τ = imag-
inary time):

Zeq[Jeq] =
∫

[Dφ] exp[−
∫
d3x

∫ βeq
0

dτ(seq − Jeqφ)]

seq =
1

2
(
∂φ

∂τ
)2 + seq,3(m, g)

seq,3(m, g) =
1

2

3∑
i=1

(
∂φ

∂xi
)2 +

m2

2
φ2 +

gφ4

4!

periodic boundary conditions: φ(τ = 0,x) =
φ(τ = βeq,x)
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Λ � β−1
eq > 0 and Λ → +∞ → Ultraviolet

divergences → Perturbative renormalization.

→ Renormalized field (φr), coupling con-
stant (geq,r) and mass (meq,r > 0), mass coun-
terterm δm2

eq and renormalization constants
Zeq,i, i = 1,3. Use zero-temperature renor-
malization conditions.

After renormalization → high temperature
(small βeq) and large spatial scales.

Set Jeq(τ,x) ' jeq(x) = jeq. Assume

∫
(d3x/(2π)3) exp[−ikx]jeq(x) largest if | k |�

β−1
eq , and negligible otherwise.

Series for approximate renormalized corre-
lators resummed into renormalized (r) and
dimensionally reduced (dr) equilibrium gener-
ating functional Zeq,r,dr = Zeq,r,dr[jeq]

Zeq,r,dr =
∫

[dφ] exp[−βeq
∫
d3x(seq,3(meq,r, geq,r,dr) +

δm2
eq,dr

2
φ2 − jeqφ)]
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φ = φ(x) (τ-independent).

geq,r,dr = geq,r + δgeq,r

To one-loop order in geq,r,

δgeq,r ' −(3/16π2)g2
eq,r(ln(meq,rβeq/4π)−ψ(1))

(ψ(1) constant and βeq-independent).

Zeq[Jeq] → Zeq,r,dr[jeq], for small βeq and

large spatial scales ( zero-mode approxima-

tion ) → Equilibrium Dimensional Reduction

(EDR)) in imaginary time formalism.

δm2
eq,dr = δm2

eq,dr,1 + σeq,1 + δm2
eq,dr,2

δm2
eq,dr,1 = −

geq,r

2βeq

∫
|k|≤Λ

d3k

(2π)3ω(| k |)2

σeq,1 =
geq,r

2

∫
d3k

(2π)3ω(| k |)
1

expβeqω(| k |)− 1
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ω(| k |) = (m2
eq,r + k2)1/2. Zeq,r,dr[jeq]: no

ultraviolet divergences in coupling constant

or field

δm2
eq,dr,1 (one-loop order in geq,r) → linearly

ultraviolet divergent. σeq,1 finite→ (temperature-

dependent) real self-energy, at order geq,r. δm2
eq,dr,2

→ higher orders in geq,r

Nonperturbatively, 4-dimensional φ4 theory

at equilibrium at zero temperature is trivial.

After EDR, renormalized Zeq,r,dr[jeq] is in

same class as non-trivial massive 3-dimensional

φ4 theory → phase transition at critical tem-

perature Tc. Below Tc: interaction-free gas.

Above Tc, gas has non-vanishing interactions.

In lattice computations: dimensional crossover

in critical properties of φ4 theory, as temper-

ature increases
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Real-Time Equilibrium Formalism

Full (unrenormalized) equilibrium real-time

generating functional Zeq[J+, J−] → n-point

unrenormalized real-time equilibrium field cor-

relators ( response of quantum gas to ex-

ternal perturbations) (n ≥ 2). J+(t+x) and

J−(t−x): two external sources.

Zeq[J+, J−] = exp[−i
∫ +∞

−∞
dt
∫
d3x(V (−i

δ

δJ+
)−

V (−i
δ

δJ−
))]Z(0)

eq [J+, J−]

Z
(0)
eq [J+, J−]: free (unrenormalized) equilib-

rium real-time generating functional, with stan-

dard free unrenormalized correlators

Z
(0)
eq [J+, J−] = C exp

[
+

1

2

∫
d3xd3x′s(0)

eq

]
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Consistent with analytic continuation from

real-time to imaginary-time one

For equilibrium, introduce alternative sources

Jc(t,x) and J∆(t,x), useful for high temper-

ature:

Jc =
J+ + J−

2
, J∆ = J+ − J−

→ Z
(0)
eq [J+, J−] = Z(0)′

eq[Jc, J∆]

s
(0)
eq =

∫ +∞

−∞
dt
∫ +∞

−∞
dt′[J∆(t,x)∆(0)

∆,∆(t,x; t′,x′)×

J∆(t′,x′) + J∆(t,x)Jc(t
′,x′)(∆(0)

∆,c(t,x; t′,x′) +

∆(0)
c,∆(t′,x′; t,x))] ≡ s(0)

eq
′

∆(0)
∆,c, ∆(0)

c,∆ and ∆(0)
∆,∆: retarded, advanced

and correlated dynamical Green’s functions
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No contribution proportional to JcJc.

∆̃(0)
∆,∆(k) = −2πδ(k2 −m2)n(|k0|)

∆̃(0)
∆,c(k) + πε(k0)δ(k2 −m2) = ∆̃(0)

c,∆(k)− πε(k0)

×δ(k2 −m2) = −
i

2
[

1

k2 −m2 + iε
+

1

k2 −m2 − iε
]

n(|k0|) =
1

2
+

1

exp |k0|βeq − 1

Z′eq[Jc, J∆] = exp[−i
∫ +∞

−∞
dt
∫
d3x

g

4!
(
δ3

δJ3
c

δ

δJ∆
+

4
δ3

δJ3
∆

δ

δJc
)]Z(0)′

eq[Jc, J∆] = Zeq[J+, J−]

→ Zeq[J+, J−]→ full unrenormalized real-time

equilibrium correlators as power series in g: -

three free correlators ∆(0)
∆,∆, ∆(0)

∆,c and ∆(0)
c,∆,

and

-two interactions (δ3/δJ3
c )(δ/δJ∆), (δ3/δJ3

∆)(δ/δJc)
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Take Λ → ∞ → Renormalize using Jc and
J∆ (with zero temperature renormalization
conditions). Renormalization required for:

i) two-point correlator with one external
∆-leg and one external c-leg needs mass ii)
two four-point correlators with one external
c-leg and three external ∆-legs and with one
external ∆-leg and three external c-legs.

→ renormalized functional Z′eq,r[Jc, J∆]

m → meq,r, g → geq,r (plus renormalization
constants and counterterms)

→ Go to regime of high temperature (small
βeq) and large spatial and time scales.

Starting point: the renormalized functional
Z′eq,r[Jc, J∆]

For u = c,∆, assume that:

Ju(x) =
∫

d4k

(2π)4
exp[−ikx]J̃u(k)
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takes on appreciable values when any kµ (µ =

0,1,2,3) is � β−1
eq , ( negligible otherwise).

Fourier transforms of ∆(0)
∆,c,r and ∆(0)

c,∆,r (

with m → meq,r) do not simplify in EDR.

∆(0)
∆,∆,r ( with m→ meq,r) does simplify:

∆̃(0)
∆,∆,r ' −

2πδ(k2 −m2
eq,r)

βeq | k0 |
≡ ∆̃(0)

∆,∆,r,dr

Z′eq,r[Jc, J∆] →

Effective dimensionally reduced renormal-

ized equilibrium generating functional

Z′eq,r,dr[Jc, J∆] = exp[−i
∫ +∞

−∞
dt
∫
d3x(4

geq,r,dr

4!

δ3

δJ3
∆

×

δ

δJc
+
δm2

eq,dr

2

δ

δJ∆

δ

δJc
)]Z(0)′

eq,r,dr[Jc, J∆]
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Z(0)′
eq,r,dr[Jc, J∆] = C exp[+

1

2

∫
d3xd3x′s(0)

eq,r,dr
′]

s
(0)
eq,r,dr

′ =
∫ +∞

−∞
dt
∫ +∞

−∞
dt′[J∆(t,x)×

∆(0)
∆,∆,r,dr(t,x; t′,x′)J∆(t′,x′) + J∆(t,x)Jc(t

′,x′)×

(∆(0)
∆,c,r(t,x; t′,x′) + ∆(0)

c,∆,r(t
′,x′; t,x))]

geq,r,dr = geq,r + δgeq,r

geq,r,dr is finite.

Same δmeq,dr and δgeq,r as in EDR

Z′eq,r,dr[Jc, J∆] is super-renormalizable.

Z′eq,r,dr[Jc, J∆]→ valuable hints for nonequi-

librium gas and its dimensional reduction (NEDR)
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Scalar Quantum Field Off-Equilibrium

Classical lagrangian density:

lcl(φ) ≡
1

2
[(∂µφ)(∂µφ)−m2φ2]− V (φ)

Density operator for t > t0:

ρ(t, t0) = U(t, to)ρinU
+(t, t0)

U(t, to) = exp[−iH(t− t0)]

For statistical scalar field system, possible

initial nonequilibrium ρin at t0, including self-

interactions:

ρin = exp
[
−βeq

∫
d3x[λ(x)1hin(Π;φ) + λ(x)2φ(x)]

]

hin(Π;φ) = h(Π;φ) with m → min and g →
gin. λs = λ(x)s, s = 1,2 are given data with
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spatial variations ( new length scales) → spa-

tial inhomogeneities in the nonequilibrium ini-

tial state

Suppose: i) λ(x)s, s = 1,2 finite and con-

tinuous for any x and slowly-varying in length

scales typical of renormalized φ4 theory (for

zero temperature renormalization conditions)

ii) λ(x)1 > 0 for any x and approaches +1,

as |x| → ∞ along any direction,

iii) λ(x)2 is small and approaches zero, as

|x| → ∞.

β−1
eq (> 0) interpreted as equilibrium tem-

perature at large distances.

If λ(x)2 ≡ 0, → λ(x)1 6= 1 → local equilib-

rium at short scales, global nonequilibrium at

intermediate scales and thermal equilibrium

at very large distances.



15

If λ(x)2 6= 0 → nonequilibrium initial state

(breaking symmetry φ→ −φ ).

|χ〉 = generic eigenstate of φ →

〈χ|ρ(T, t0)|χ〉 =
∫

[dφ2]
∫

[dφ1]〈χ|U(T, t0)|φ2〉 ×

〈φ2|ρin|φ1〉〈φ1|U(T, t0)+|χ〉

〈χ|U(T, t0)|φ2〉 and 〈φ1|U(T, t0)+|χ〉 → ( real-

time) functional integrals (T :large time).

Two external sources, J+(t+) and J−(t−)

associated to 〈χ|U(T, t0)|φ2〉 and 〈φ1|U(T, t0)+|χ〉.

External source, Jin(τ,x) for ρin

Unrenormalized nonequilibrium generating

functional:

Z[J+, J−, Jin] =
∫

[dχ]
∫

[dφ2]
∫

[dφ1]I+IinI−

I± =
∫

[Dφ±] exp

[
±i
∫
d3x

∫ T
t0
dt±(lcl(φ±) + J±φ±)

]
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I+ = I+[χ, φ2; J+] with boundary condi-

tions: φ+(t0,x) = φ2(t0,x) and φ+(T,x) =

χ(x)

I− = I−[φ1, χ; J−] with boundary conditions:

φ−(t0,x) = φ1(t0,x) and φ−(T,x) = χ(x) .

〈φ2|ρin|φ1〉 → functional integral for Iin:

Iin =
∫

[Dφin] exp

[
−
∫
d3x

∫ βeq
0

(sin − Jinφin)

]

sin =
1

2λ(x)1
(
∂φin
∂τ

)2 + s
(0)
in (min) + s

(V )
in (gin)

s
(0)
in (min) = λ(x)1[

1

2

3∑
i=1

(
∂φin
∂xi

)2 +
m2
in

2
φ2
in]

s
(V )
in (gin) = λ(x)1Vin(φin) + λ(x)2φin

Boundary conditions : φin(τ = 0,x) = φ1(t0,x)

and φin(τ = βeq,x) = φ2(t0,x). .
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Z[J+, J−, Jin]→ (unrenormalized) nonequi-

librium (T -independent) two-point correlators

For nonequilibrium, introduce same alter-

native sources Jc and J∆ as for equilibrium

Z[J+, J−, Jin] ≡ Z′[Jc, J∆, Jin] →

Z′[Jc, J∆, Jin] =
∫

[dχ]
∫

[dφ′c]
∫

[dφ′∆]
∫

[Dφc]
∫

[Dφ∆]

×Iin exp i
∫ T
t0
dt[(−m2φc − ∂µ∂µφc)φ∆

−V (φc +
φ∆

2
) + V (φc −

φ∆

2
) + Jcφ∆ + J∆φc]

φ1 = φ′c − 2−1φ′∆, φ2 = φ′c + 2−1φ′∆, φc =

2−1(φ+ + φ−), φ∆ = φ+ − φ−. Functional

integrals over φc and φ∆ with boundary con-

ditions: φc(t0) = φ′c, φc(T ) = χ, φ∆(t0) = φ′∆
and φ∆(T ) = 0.

For V = 0 and λ2 = 0, Z′[Jc, J∆, Jin] =

Z′(0)[Jc, J∆, Jin].
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Z′(0)[Jc, J∆, Jin] = C exp
[
+

1

2

∫
d3xd3x′s(0)

ne
′
]

s
(0)
ne
′ =

∫ T
t0
dt
∫ T
t0
dt′[J∆(t,x)∆(0)

∆,∆(t,x; t′,x′)

×J∆(t′,x′) + J∆(t,x)Jc(t
′,x′)(∆(0)

∆,c(t,x; t′,x′) +

∆(0)
c,∆(t′,x′; t,x))] +

∫ T
t0
dt
∫ βeq

0
dτJ∆(t,x)Jin(τ,x′)

×(∆(0)
∆,in(t,x; τ,x′) + ∆(0)

in,∆(τ,x′; t,x)) +
∫ βeq

0
dτ ×∫ βeq

0
dτ ′Jin(τ,x)∆(0)

in,in(τ,x; τ ′,x′))Jin(τ ′,x′)

No contributions proportional to JcJc and JcJin.

Unrenormalized free field correlators for Jc
and J∆:

∆(0)
in,in(τ,x; τ ′,x′) =

∑
γ
fγ(x)f∗γ(x′)×
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cosh γ0(βeq/2− |τ − τ ′|)
2γ0 sinh(βeqγ0/2)

∆(0)
in,∆(τ,x;x′) =

∑
γ

∫ d3kf∗γ(x)

2(2π)3
exp(−ikx′)×∫

d3x′′fγ(x′′) exp(ikx′′)×

[
f−(γ0,1, τ) sinω(| k |)(t′ − t0)

ω(| k |)λ(x′′)1
+ (1)

if+(γ0,1, τ) cosω(| k |)(t′ − t0)

f0(γ0,1)
]

∆(0)
∆,in(x; τ,x) = ∆(0)

in,∆(τ,x;x) (2)

∆(0)
∆,∆(x;x′) = −

∑
γ

∫
d3x′′

∫
d3x′′′fγ(x′′)f∗γ(x′′′)×

∫
d3k

(2π)3

∫
d3k′

(2π)3
×

exp[i(−kx− k′x′+ kx′′+ k′x′′′)]
cosh(γ0βeq/2)

2γ0 sinh(βeqγ0/2)
×

[cosω(| k |)(t− t0) cosω(| k′ |)(t′ − t0) +

γ2
0 sinω(| k |)(t− t0) sinω(| k′ |)(t′ − t0)

ω(| k |)ω(| k′ |)λ(x′′)1λ(x′′′)1
]

∆(0)
∆,c(x;x′) =

∫
d4k

(2π)4
exp[−ik(x− x′)]×

[−
i

2
[

1

k2 −m2 + iε
+

1

k2 −m2 − iε
]−
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ε(k0)

2
2πδ(k2 −m2)]

∆(0)
c,∆ = ∆(0)

∆,c, with ε(k0) → −ε(k0). fγ(x),

associated to spatial inhomogeneity λ(x)1 in

initial condition (γ2
0, eigenvalue) fulfills:

L
fγ(x)

[λ(x)1]1/2
= γ2

0
fγ(x)

[λ(x)1]1/2

Lϕ = −λ(x)
1/2
1

3∑
k=1

∂

∂xk
[λ(x)1

∂

∂xk
(λ(x)

1/2
1 ϕ)] +

λ(x)2
1m

2
inϕ

Standard functional techniques: Z′[Jc, J∆, Jin]

in terms of Z(0)[Jc, J∆, Jin]. Take Λ→∞

Renormalization in Z′[Jc, J∆, Jin] using Jc,

J∆ and Jin (with zero temperature renormal-

ization conditions) → renormalized nonequi-

librium generating functional Z′r[Jc, J∆, Jin]:

renormalized nonequilibrium free correlators,

with m → mr and so on with min,r, gr, gin,r
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Nonequilibrium Dimensional Reduction

High temperature (small βeq) and large dis-

tance regime for Z′r[Jc, J∆, Jin].

Small βeq, mr and min,r � β−1
eq

Same approximations regarding Jc and J∆

as for EDR.

Small βeq approximation in renormalized nonequi-

librium free correlators ∆(0)
∆,∆,r, ∆(0)

∆,in,r, ∆(0)
in,∆,r

and ∆(0)
in,in,r

∆(0)
∆,c,r and ∆(0)

c,∆,r remain unaltered.

Jin(τ,x) ' jin(x),
∫ βeq
0 dτ ' βeq
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renormalized Iin in NEDR:

Iin,r,dr = Iin,r,dr(φ2, φ1) = 〈φ2|ρin,r,dr|φ1〉 ×

exp
{
βeq

2

∫
d3xjin(x) [φ1(t0,x) + φ2(t0,x)]

}
〈φ2|ρin,r,dr|φ1〉 ' exp[−βeq

∫
d3x(s(0)

in,r(min,r) +

s
(V )
in (gin,r,dr) +

λ(x)1δm
2
in,dr

2
φin(t0,x)2 +

(φ2(t0,x)− φ1(t0,x))2

2λ(x)1β2
eq

)]

s
(0)
in,r(min,r) and s

(V )
in (gin,r,dr). φin(τ,x), min,

gin replaced by φin(t0,x) = 2−1(φ1(t0,x) +
φ2(t0,x)), min,r, gin,r,dr .

Leading contributions resummed into new
renormalized dimensionally reduced nonequi-
librium generating functional Z′r,dr[Jc, J∆, jin]:

Z′r,dr[Jc, J∆, jin] = exp[−i
∫ T
t0
dt
∫
d3x(

gr,dr

4!
4
δ3

δJ3
∆

×

δ

δJc
+ δm2

dr
δ

δJ∆

δ

δJc
)]Uin,r,drZ

(0)′
r,dr[Jc, J∆, jin]
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Uin,r,dr = exp[−βeq
∫
d3x(λ1

gin,r,dr

4!

δ4

δj4
in

+

λ1
δm2

in,dr

2

δ2

δj2
in

+ λ2
δ

δjin
)]

Z(0)′
r,dr[Jc, J∆, jin] = C exp

[∫
d3xd3x′

2
s

(0)
ne,r,dr

′
]

s
(0)
ne,r,dr

′ =
∫ T
t0
dt
∫ T
t0
dt′[J∆(t,x)∆(0)

∆,∆,r,dr(t,x; t′,x′)

×J∆(t′,x′) + J∆(t,x)Jc(t
′,x′)(∆(0)

∆,c,r(t,x; t′,x′) +

∆(0)
c,∆,r(t

′,x′; t,x))] +
∫ T
t0
dtβeqJ∆(t,x)jin(x′)

×(∆(0)
∆,in,r,dr(t,x;x′) + ∆(0)

in,∆,r,dr(x
′; t,x)) +

β2
eqjin(x)∆(0)

in,in,r,dr(x;x′))jin(x′)

Z(0)′
r,dr[Jc, J∆, jin] is the NEDR free renor-

malized functional. x-dependent mass renor-

malization counterterms δm2
in,dr and δm2

dr

Z′r,dr[Jc, J∆, jin]: super-renormalizable . Nei-

ther gr,dr and gin,r,dr nor fields involved in

Z′r,dr[Jc, J∆, jin] require infinite renormaliza-

tions.
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. gin,r,dr and gr,dr are effective off-equilibrium
coupling constants,

gin,r,dr = gin,r + δgin,r and gr,dr = gr + δgr.
δgin,r and δgr are ultraviolet finite, βeq-dependent
and position-dependent corrections. Studied
at one-loop orders in gin,r and gr.

Recast Z′r,dr[Jc, J∆, jin] into nonperturba-
tive form:

Z′r,dr[Jc, J∆, jin] =
∫

[dχ]ρdr(χ;T, t0; Jc, J∆, jin)

ρdr(χ;T, t0; Jc, J∆, jin) =
∫

[dφ′c][dφ
′
∆]

∫
[Dφc][Dφ∆]×

Iin,r,dr(φ
′
c + 2−1φ′∆, φ

′
c − 2−1φ′∆) exp i

∫ T
t0
dt
∫
d3x×

[(−m2
rφc − ∂µ∂µφc −

∂V (φc)

∂φc
)φ∆ − δm2

drφcφ∆ +

Jcφ∆ + J∆φc]

φ1 = φ′c − 2−1φ′∆, φ2 = φ′c + 2−1φ′∆, φc =
2−1(φ+ + φ−), φ∆ = φ+ − φ−.

Consistency checked using Gaussian func-
tional integrations.
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Conclusions

NEDR generalizes nontrivially EDR in the
imaginary-time formalism and in real-time one
.

Z′r,dr[Jc, J∆, jin] for nonequilibrium fields is
the main result→ dynamics of nonequilibrium
φ4 theory in (1 + 3)-dimensional Minkowski
space in NEDR regime

Structure (−m2
rφc − ∂µ∂µφc −

∂V (φc)
∂φc

) char-
acterizes classical field dynamics (with renor-
malization effects included).

Presentation based upon

Alvarez-Estrada R F 2009 Annalen der Physik
18 391, and Eur. Phys. J. A 41 53

Many references to previous works by other
authors on finite temperature field theory at
equilibrium (in imaginary time and real time
formalisms), EDR in imaginary time formal-
ism and various aspects of nonequilibrium field
theory are given in those references.


