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2.- Scalar Quantum Field Off-Equilibrium

3.- Nonequilibrium Dimensional Reduction
(NEDR)

Quantum mesons, with microscopic dynam-
ics described by unrenormalized relativistic Her-
mitian scalar quantum field operator ¢(t,x)
in 1 4+ 3 dimensions: ¢: real time and x =
(x1,x2,23). Unrenormalized mass parameter
m. Unrenormalized quantum Hamiltonian op-
erator. H = [ d3xh(M; ¢).

h(N; ¢) =27 IN[M24+33 1 (0¢/0x;)°+m?¢>+
V(o)],

M = 0¢/0t. N: normal product, V(¢) =
gt /4!, g. unrenormalized coupling constant.
Ultraviolet cut-off. A.

Quantum meson gas: large statistical sys-
tem Infinite number of degrees of freedom
of the field — statistical behaviour (no “heat
bath” ). — quantum and thermal fluctuations
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Scalar Quantum Field at Equilibrium:
Dimensional Reduction (EDR)

Imaginary Time Formalism

Quantum gas at thermal equilibrium, at
finite temperature (KpBeq)~ ' (K = Boltz-
mann’s constant) — equilibrium quantum den-
Sity operator peq = exp(—LeqH).

For given A, equilibrium generating func-
tional — functional integral over field ¢ =
o(7,x) with source Jeg = Jeg(7,x) (7 = imag-
inary time):

ZeqlJeq = / [Dg] exp|— / d3x /O % it (seq — Jeq®)]

Seq — _( )2 + 3@q 3(m, g)

_¢ +£

Seq,3(m79) — A5

periodic boundary conditions: ¢(r = 0,x) =

¢(r = Beq, X)
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A > Bt > 0 and A — 4oo — Ultraviolet
divergences — Perturbative renormalization.

— Renormalized field (¢r), coupling con-
stant (geq,r) and mass (meq,r > 0), Mass coun-
terterm 5m§q and renormalization constants
Zegir ¢+ = 1,3. Use zero-temperature renor-

malization conditions.

After renormalization — high temperature
(small Beq) and large spatial scales.

Set Jeq(7,X) = jeq(X) = jeqg. ASSume

J(d3x/(27)3) exp[—ikx]jeq(x) largest if | k |<
Beqt, and negligible otherwise.

Series for approximate renormalized corre-
lators resummed into renormalized (r) and
dimensionally reduced (dr) equilibrium gener-
ating functional Z, ;. 4r = Zeg r.drlieq)

Zeq,r,dr — /[d¢] eXp[_Beq/dsx(seq,?)(meq,?“ageq,r,dr) +

om?

%d?ﬁQ — Jeq®)]



¢ = ¢(x) (T-independent).

9eq,r,dr — Yeq,r + 5966],7’

To one-loop order in geq,r,

0geq,r =~ —(3/16772)93(”('”(meq,rﬁeq/4ﬁ)—¢(1))
(¢(1) constant and Beg-independent).

ZeqlJeql — Zegrarlieql, Tor small Beq and
large spatial scales ( zero-mode approxima-
tion ) — Equilibrium Dimensional Reduction
(EDR)) in imaginary time formalism.

5m§q,dr — 5m§q,dr,1 T Oeq,1 + 5m§q,dr,2
2 _ _geq,r/ d3k
LAt 2800 JKI<A (2m)3w(| K |)2
_ Zeq,r d3k 1
7eal = 5 ) 2m)3w([ k) exp Beqw(| k |) — 1




w(l k [) = (mgq,r + k2)1/2- Zeq,fr,dr[jeq]: no
ultraviolet divergences in coupling constant
or field

2 . .
cq.dr.1 (one-loop order in geq,r) — linearly

ultraviolet divergent. o, 1 finite — (temperature-
dependent) real self-energy, at order geq i 5m§q7dr,2
— higher orders in geq,r

om

Nonperturbatively, 4-dimensional gb4 theory
at equilibrium at zero temperature is trivial.

After EDR, renormalized Z., , grljeq] is in
same class as non-trivial massive 3-dimensional
$* theory — phase transition at critical tem-
perature T.. Below T.: interaction-free gas.
Above 1., gas has non-vanishing interactions.

In lattice computations: dimensional crossover
in critical properties of <b4 theory, as temper-
ature increases



Real-Time Equilibrium Formalism

Full (unrenormalized) equilibrium real-time
generating functional Zeg[J4, J-] — n-point
unrenormalized real-time equilibrium field cor-
relators ( response of quantum gas to ex-
ternal perturbations) (n > 2). J4(t4x) and
J_(t_x): two external sources.

5
5.J

Zeql Ty, J-] = exlfJ[—z’/_J;OOO dt/d3X(V(—z’ ) —

V(i 2D ]

Ze(g)[J+,J_]: free (unrenormalized) equilib-
rium real-time generating functional, with stan-
dard free unrenormalized correlators

Ze(((])) [J‘|‘7 J_] = C' exp [_I_%/dSXd:SX/Sgg)]



Consistent with analytic continuation from
real-time to imaginary-time one

For equilibrium, introduce alternative sources
Je(t,x) and Ja(t,x), useful for high temper-
ature:

— 25 g I = ZO e, Tl

—+ o0 —+ o0
sgg> =/ dt/ dt’[JA(t,X)A(AO)A(t,x;t’,x’) X

In(t,x) + Ia(t,x)Je(t, YA (t,x; ¢, x) +
INVAGEHENER

A(AC)?C, Agz and A(AO?A: retarded, advanced
and correlated dynamical Green’s functions



No contribution proportional to J.Je.

AR (k) = —2r8(k2 — m2)n(k°))

A (k) + me(k2)6 (k2 — m?) = ALQ (k) — me(k0)

> oy _ _i 1 1

O =m?) = Sl e T2
oy _ 1 1

n(Ik]) = 2T exp |kO|Beq — 1

— m?2 —z’e]

~+o00 g, 63 6
7! [Je. JA] = ex —'/ dt/d3
eq[ e ol Pl —00 4|(5J§5JA+
53 6
4 ZOV, 1 Je, IA] = ZeglJ 4, J—
5J25Jc)] q[ c A] eCI[ + ]

— ZeqlJ4, J—] — full unrenormalized real-time

equilibrium correlators as power series in g. -
(0) (0) (0)

three free correlators AA’A, AA’C and AC’A,

and

-two interactions (63/6J3)(5/5J), (63/6JX)(8/5.Jc)
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Take AN — oo — Renormalize using J. and
Jan (with zero temperature renormalization
conditions). Renormalization required for:

i) two-point correlator with one external
A-leg and one external c-leg needs mass ii)
two four-point correlators with one external
c-leg and three external A-legs and with one
external A-leg and three external c-legs.

— renormalized functional Zéq;,n[Jc, JA]

m — Meqr, § — geq,r (PIUS renormalization
constants and counterterms)

— Go to regime of high temperature (small
Beq) and large spatial and time scales.

Starting point: the renormalized functional
Zéq,r[‘]ca JA]

For u = ¢, A, assume that:

d*k

(2m)" exp[—ikz]Ju (k)

Ju(@) = [
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takes on appreciable values when any k* (u =
0,1,2,3) is < Bg;t, ( negligible otherwise).

Fourier transforms of A(AO,)C,T and Agg,r (
with m — meq,) do not simplify in EDR.

A, (with m — meq,) does simplify:

Zéq,r[']ca ']A] —

Effective dimensionally reduced renormal-
ized equilibrium generating functional

o0 g &3
/ _ : 3 eq,r,dr
Zeq,r,dr[‘]c7 Ja] = exp[—i /_OO dt/d x(4 4 5J2 X
s 5m§q PR (o)
— + ’ )N Z [Je, Il

5Je 2 §JASJc eq,r,dr
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1 0
2O e Ja) = Cexpl [ dPxd®s() 1

—+o0 —+o0
$0) :/ dt/ dt'[J A (¢, %) x

eq,r,dr oo
AQA’T, L x XD IA X)) + Ta(tx) Je(t, X))
(A (xit' %) + AR (%t x))]

9eq,r,dr — Yeq,r + 596(177“
Geq,r.dr 1S finite.
Same omyg, g and dgeq,r as in EDR

Z/

LqrdrlJes Jal is super-renormalizable.

Z:jq,r,dr[‘]c’ Ja] — valuable hints for nonequi-

librium gas and its dimensional reduction (NEDR)
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Scalar Quantum Field Off-Equilibrium

Classical lagrangian density:

la(8) = S[(0"6)(0u9) —m26%) — V(9)
Density operator for t > tg:

p(t,to) = U(t, to) pinUT (¢, 10)
U(t,to) = exp[—iH(t — tg)]

For statistical scalar field system, possible

initial nonequilibrium p;,, at tg, including self-
interactions:

pin = €x | ~Beq [ PG 1hin(M; ) + Ax)26()

h;n,(M; ) = h(N;¢) with m — m;, and g —
Gin- As = M(X)s, s = 1,2 are given data with
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spatial variations ( new length scales) — spa-
tial inhomogeneities in the nonequilibrium ini-
tial state

Suppose: i) A(x)s, s = 1,2 finite and con-
tinuous for any x and slowly-varying in length
scales typical of renormalized ¢* theory (for
zero temperature renormalization conditions)

i) AM(x)1 > 0 for any x and approaches +1,
as |x| — oo along any direction,

iii) A(x)> is small and approaches zero, as
x| — o0.

Bzt(> 0) interpreted as equilibrium tem-
perature at large distances.

If A(x)> =0, - A(x)1 #1 — local equilib-
rium at short scales, global nonequilibrium at
intermediate scales and thermal equilibrium
at very large distances.
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If A\(x)> = 0 — nonequilibrium initial state
(breaking symmetry ¢ — —¢ ).

lx) = generic eigenstate of ¢ —

(p(T )X = [1dea] [ [dgal(x|U (T, o)) x
(b21pinld1)($1|U (T, to) T Ix)

(x|U(T, t0)|po) and (é1|U(T,t0)T|x) — ( real-
time) functional integrals (T:large time).

Two external sources, Jy(t4) and J_(1-)
associated to (x|U (T, to)|¢2) and (¢1|U(T, to) T |x)-.

External source, J;,(m,x) for p;,

Unrenormalized nonequilibrium generating
functional:

ZUg J=, Jinl = [1ax] [1dea] [ [dgn) Iy Lol -
I+ = /[D¢i] exp lii/d3x /t: di+(le(P+) + J+o+)
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IL = I4[x,¢2;J4] with boundary condi-
tions: ¢—|—(t07x) — ¢2(tO,X) and ¢—|—(T7X) —
X (%)

I =1_[¢1,x;J—_] with boundary conditions:
¢—(t0,x) = ¢1(tp,x) and ¢_(T,x) = x(x) .

(po|pinlP1) — functional integral for I;,:

Lip, = /[D¢in] exp [—/d3X /Oﬁeq(Sm — Jin®Pin)

1 0% (0 o
3 2
)¢y _ 15 (9%iny2 | ™Min 2

sV (gin) = AX)1Vin($in) + A(X)26in

Boundary conditions : ¢;,(r = 0,x) = ¢1(tg, X)
and ¢, (7 = Beq, X) = ¢2(tg,%). .
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Z[J4, J—, Jin] = (unrenormalized) nonequi-
librium (T-independent) two-point correlators

For nonequilibrium, introduce same alter-
native sources J. and Ja as for equilibrium

Z[‘]—|—7 J—7 Jzn] = Z/[J07 JA? Jzn] —

2/, T, Jind = [ 1] [1a60] [1d@/a] [ (D] [[DéA]

T
x I €XP i /t dt[(—m2pe — B ude)da
0

V(e + %) 4V (e — %) + Jebp + Tndel

b1 = ¢p— 27 PN, 2 = ¢+ 271N, ¢ =
271(¢p4 4+ ¢-), da = ¢4+ — ¢—. Functional
integrals over ¢, and ¢ with boundary con-
ditions: ¢c(to) = ¢, ¢c(T) = x, da(to) = Pa
and oA (T) = 0.

For V.= 0 and X\ = 0, Z'[Je, In, Jip] =
Z'O[Je, In, Jinl.
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1
Z"OJe, Jp, Jin] = Cexp [+§ / d>xd>x’ 87(12)’]

©)y _ [T [T 0) (4 wryf o

Spe’ = /to dt/to dt [JA(t,X)AA’A(t,X,t,X)

< IA (%) 4+ T (%) Je(t, XV (AR (4% 1, %) +
(0) /,1 1. r Beq _ /

INVAEBES) +/to dt/o drJ p (8, %) Ty (7, X')

x(A(AO’)m(t,x; 7,x) + AZ(?S’)A(T, x":t,x)) + /Oﬁeq dr X

5eq 0
| g (rx) A0 (77 %)) Jin (7, )

No contributions proportional to J.J. and J.J;,.

Unrenormalized free field correlators for J.
and Ja:

AL (rxi 7 x) = ) FE) x
Y
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coshvg(Beq/2 — |7 — T'|)
270 sinh(Beqv0/2)
3k f*
Az(qg,)A(T’X; ') = %:/ Q(Qf;yrg? exp(—ikx') X
/ d3x" £, (x") exp (ikx") x
[f—(vo, 1,7)sinw(| k )(# —to)
w(| k DA")1
if+(v0,1,7) cosw(| k )(t' —tg)

+ (1)

]

fo(vo,1)
AR (@irx) = AP, (r,x; 2) (2)
A(AOA(QG':B/) _ Z/d’3 ”/d3x”’f7(x”)fv(x’”) «
d3k d3k’

2m)3) @mn)3”
: . " 1.1 cosh(voBeq/2)
1(—kx — k'x kx k'x
explil o K Sinh (Begr0/2)
[cosw(| k [)(t — tp) cosw(| kK )" — o) +
vasinw(| k )( —to) sinw(| k' |)(# — to)]
w(| k |)w(| K QMX”)M(X”’M

, A4k | ,
A (z;a) = / (omya XPL-ik (@ — 2] x

1 1
[_§[k2 —m2 + e T2 —m? e

]_
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e(k9)

275 (k% — m?)]

0 0 :
A = aD with (k) — —e(k9). fy(x),
associated to spatial inhomogeneity A(x)q1 in
initial condition (78, eigenvalue) fulfills:

fr(x) _ .2 fr(x)

G112~ O a(x)1]1/2

_ 12 & 0 0 1/2
Lo = -A0017 3 T A1, (01 %)) +
L L

A(x)Tme, ¢

Standard functional techniques: Z'[Jc, JA, Jip]
in terms of Z(O[J., Ja, J;n]. Take A — oo

Renormalization in Z'[J., Ja, J;n] using Je,
Ja and J;, (with zero temperature renormal-
ization conditions) — renormalized nonequi-
librium generating functional Z.[Jc, Ja, Jinl:
renormalized nonequilibrium free correlators,
with m — my and so on with my, », gr, ginr
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Nonequilibrium Dimensional Reduction

High temperature (small Beq) and large dis-
tance regime for Z.[Jc, A, Jinl-

Small Beq, mr and mgy, , < Begt

Same approximations regarding J. and Ja
as for EDR.

Small Beq approximation in renormalized nonequi-

librium free correlators A(AO)A - A(Ao)m - A;?)A .
and A0

n,in,r

A(AO)CT and Agogr remain unaltered.

Y

Tin(7,%) = Gin(x), [0 dr ~ Beg
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renormalized I;,, in NEDR:

Iz’n,r,dr — in,r,dr(¢27 $1) = <¢2|pin,r,dr|¢1> X
exp {70 [ @Pxjin() (6100, %) + 6 (10,1

(D2lpin rdr|¢1> ~ exp[— Beq/dSX(Sm r(mzn r) +

)\(X)15m

|4 d
S'Sn )(ginaradr) _I_ 2 s ’rgb?/n(tO) X)2

(p2(to,x) — ¢1(t0,x))?
2>\(X) lﬁgq

)]

@(qs,))r(mzn 7“) and 3 (gznrdr) Qbin(T,X), Min,

gin replaced by qszn(to, x) = 271(¢1(to,x) +
¢2(t0, X)), Min,ry Gin,rdr -

Leading contributions resummed into new
renormalized dimensionally reduced nonequi-
librium generating functional Z’ dr[JC, IN, Jinl:

(T g 53
Z,'C’dr[]c, JA?]zn] = exp[—z/ dt/d3X( ’Zd?”4

X
L §J3

0 0)/
; JC+ M SIS JC>] Uin,rdr 2 gy e T s Ginl



9in,r,dr 54
U'm’rdfr — exp[ Beq/d (>\ A1 5j4 +
. m
ay i 02\ 8

, d3xd3x’ 0
(O); d?“[‘]07 N ]in] = Cexp [/ > nge,)r,dT/]

nerdr

T T
s(0) ’—/ dt/ dt/[JA(taX)A(AO)Ardr(t’X;t/’X/)
to to ’

< IA(tX) 4+ (%) Je(t, X ) (AR, (txit,x) +

T
AL X + [ dteq Tl X)jin(X)
(AN (635X + A&?g o (4,%0) +

Bqum<x>A§n ) rar (5 X)) i ()

(O),’rdr[.]c, I, Jin] is the NEDR free renor-
malized functional. x-dependent mass renor-

malization counterterms 5mm,dr and 5md,r

TdT[Jc,JA j:n]: super-renormalizable . Nei-
ther g, 4, and g, 4 nNoOr fields involved in
rdr[‘]c’ JA,Jin]l require infinite renormaliza-

tions.
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. Gin,rdr aNd g, g4, are effective off-equilibrium
coupling constants,

Jin,r,dr — Yin,r + 592'71,7“ and 9r.dr — 9r + dgr.
0gin,r aNd ogr are ultraviolet finite, Beg-dependent
and position-dependent corrections. Studied
at one-loop orders in g;, , and g;.

Recast Z;“,dr[‘]c’ JA,Jin]l intOo nonperturba-
tive form:

Zf)c,dr[JC? JA?]ZTL] — /[dX]pdT(Xv T7 tOv JC: JAajzn)
par (G Tst0; Jes T jin) = [1d6([d0/A) [ [Dgc] (Do) X

T
Linrar (6427 6n, ¢t = 2 M 9a) expi | dt [ dPx
0

OV (¢c)

e Yo — OmT . Peda +

[(—m?sbc — MOupe —
Jepn JAQbC]

p1 = oL — 271N, o = L+ 271N, b =
27 (py +¢-), dn =04 — 0.

Consistency checked using Gaussian func-
tional integrations.
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Conclusions

NEDR generalizes nontrivially EDR in the
imaginary-time formalism and in real-time one

Z;,dT[JC, JA, 7in] fOr nonequilibrium fields is
the main result — dynamics of nonequilibrium
$* theory in (1 4 3)-dimensional Minkowski

space in NEDR regime

Structure (—m2¢. — OHOupe — %(;?)) char-
acterizes classical field dynamics (with renor-
malization effects included).

Presentation based upon

Alvarez-Estrada R F 2009 Annalen der Physik
18 391, and Eur. Phys. J. A 41 53

Many references to previous works by other
authors on finite temperature field theory at
equilibrium (in imaginary time and real time
formalisms), EDR in imaginary time formal-
iIsm and various aspects of nonequilibrium field
theory are given in those references.



