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Introdu
tion

•Latti
e: Nonperturbative method to investigate QCD thermodynami
s; su

essful at vanishing

quark 
hemi
al potential µ

•But: Fermioni
 sign problem, i.e. 
omplex quark determinant at �nite 
hemi
al potential forbids

to simulate dire
tly at µ 6= 0 −→ Need new ideas to simulate latti
e QCD at �nite 
hemi
al

potential, espe
ially at µ > T

•Here: Solve the sign problem by going to an e�e
tive 3d theory, whi
h drasti
ally redu
es the

number of degrees of freedom

•Cal
ulate e�e
tive 
ouplings analyti
ally, then solve the e�e
tive theory with simulations and

map ba
k to original theory

Setup

•Latti
e QCD with Wilson a
tion goes to 
ontinuum a
tion for latti
e spa
ing a→ 0 and reads

Z =

∫

[dUµdψ̄dψ]e
−Sg−Sf =

∫

[dUµdψ̄dψ] exp





β

3

∑

p

ReTrUp + ψ̄Q(κf , µf)ψ



 , β =
6

g2

•Finite temperature: Compa
t temporal dire
tion and (anti-)periodi
 boundary 
onditions

•E�e
tive theory by integrating over spatial link variables −→ yields in�nitely many terms

Z =

∫

[dUµdψ̄dψ]e
−Sg−Sf ≡

∫

[dU0]e
−Seff(β,κf) , T =

1

aNτ

−Seff =

∞
∑

i=1

λi(β, κf , Nτ)S
s
i − 2

∑

f

∞
∑

i=1

[

hi(β, κf , µ,Nτ)S
a
i + h̄i(β, κf , µ,Nτ)S

a,†
i

]

.

•Two kinds of e�e
tive intera
tion terms: Ssi are Z(3)-symmetri
, Sai asymmetri


Pure gauge theory

•Pure gauge theory on the latti
e is des
ribed by Wilson a
tion for vanshing κf

∫

[dUi] exp [−Sg(β)] = exp [−Seff(β)] = exp

[

∑

i

λi(β,Nτ)S
s
i

]

• Integrating out the spatial link variables Ui 
an be done in an expansion in β and leads to a Z(3)-
symmetri
 e�e
tive a
tion formulated in terms of Polyakov loops Li = TrWi = Tr

∏Nτ

τ=1U0(τ, ~xi)

exp [−Seff(β)] =
∏

ij

[

1 + λ1
(

LiL
∗
j + L∗

iLj
)

][

1 + . . .
]

, λ1 =

(

β

18

)Nτ (

1 + . . .
)

.

•Determination of λc in the e�e
tive a
tion allows to map ba
k to βc(Nτ) for the (3+ 1)d-theory

•Very important to in
lude 
orre
tions in order to get a

urate results; λ1 is known up to

O(βNτ+10)

•Results are within a few per
ent 
ompared to Monte Carlo simulations of the full theory

•Higher order intera
tion terms a�e
t the results very little
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Figure 1: Left: Criti
al 
ouplings βc(Nτ ) 
onverted to temperatures. Right: Criti
al κc(Nτ ). [1, 2℄.

In
luding stati
 fermions

•Fermions 
an be integrated out exa
tly→Quark determinant: breaks Z(3)-symmetry expli
itely

•Then: same steps as in pure gauge 
ase in a 
ombined strong 
oupling and hopping expansion

∫

[dUi] exp
[

− Sg(β)
]

det
[

Q(κf , µf)
]

= exp







∞
∑

i=1

λiS
s
i − 2

∑

f

∞
∑

i=1

[

hiS
a
i + h̄iS

a,†
i

]







,

κf =
1

2amf + 8
, Q(κf , 0) = δyx − κf

∑

µ

(1 + γµ)Uµ(τ, ~x)δy,x+µ̂ .

•Chemi
al potential introdu
ed via a modi�
ation of the temporal quark hops

κf(1± γ0)U±0(τ, ~x)δy,x±0̂ −→ κfe
±aµ(1± γ0)U±0(τ, ~x)δy,x±0̂

•Modi�es the e�e
tive 
oupling 
orresponding to quark loops with some power of

C = (2κf)
Nτ exp [aµfNτ ] = exp

[

−
mstat
f − µf

T

]

, amstat
f = − ln

(

2κf
)

• In a κf-expansion: Leading 
ontribution 
omes from Polyakov loops =̂ Stati
 approximation

exp
[

− 2h1S
a
1

]

= dets,c

[

Qstat

]

=
∏

f,i

detc

[

1 + h1Wi

]2

detc

[

1 + h̄1W
†
i

]2

, h1 = C
[

1 + . . .
]

b

b

b

b

Figure 2: Left: Single Polyakov loop. Right: Generalized Polyakov loop, whi
h winds n

times before being tra
ed.

•Allows to quantitatively explore the upper right 
orner of the Columbia plot, 
f. �g. 4

In
luding dynami
al fermions
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Figure 3: Left: First 
orre
tion graph, leading to an intera
tion between equally oriented loops. Right: Summation

over winding numbers in order to ful�ll the Pauli prin
iple.

•Corre
tions also have spatial hops, 
f. �g. 3. Summed 
ontribution (negle
ting antiquarks) is

exp
[

− 2h2S
a
2

]

=
∏

<ij>

[

1− h2NτTr
Wi

1 + CWi

Tr
Wj

1 + CWj

]

, h2 = C2κ
2

Nc

[

1 + . . .
]

.

•For �nite latti
e spa
ing, baryon density should eventually (i.e. with in
reasing µ) saturate

(Pauli prin
iple); need to sum over all multiple windings of the loops to get this 
orre
t
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Figure 4: Left: Upper right 
orner of the Columbia plot for imaginary as well as real 
hemi
al potential. Right:

First results 
ompatible with the Silver Blaze phenomenon of QCD [3℄.
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