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@ Microscopic/High-energy scales

Intuition:

The “number of degrees of freedom (DOF)”
will DECREASE

. Macroscopic/Low-energy scales




Example

Quantum Field Theory (QFT)

Wilsonian Renormalization Group (RG)
“integrate out” DOF

Below a mass threshold,
integrate out massive DOF

massive DOF
“decouples”



Monotonicity [ heorems

Provide rigorous proof that the number of DOF
DECREASES along RG flow



Monotonicity [ heorems

They place stringent theoretical constraints
on what is possible in RG flows,
without relying on perturbation theory

For example, they can
eliminate limit cycles




The c-theorem

A.B. Zamolodchikov
JETPVol.43 No. |2 p. 565, 1986

for RG flows in

RENORMALIZABLE EUCLIDEAN
QFTsind = 2



Assumptions

(1)  Euclidean Symmetry

(2) Locality

(3) Unitarity



1. Euclidean Symmetry

Non-dynamical background metric g, ()

Action functional S(Guv, M)

Coupling constants A = (A1, A2, .. .)

Generating functional Z[gu,/, )\]



1. Euclidean Symmetry




1. Euclidean Symmetry

complex coordinates 2, 2

Tzz TZZ
[T'uy] N (Tzz Tzz)

TzZ — TZZ
T,u'u — TZZ — TZZ




2. Locality

__ 2 =
S(A) = /d 2 L(\ 2z, Z)
RG flow triggered by relevant local scalar operator

LN z,Z)— L\ z2,2)+ A,0(z, 2)

Ap < 2



3. Unitarity

) = () >0

Two point function of local scalar operator
must be non-negative

Euclidean “time evolution” preserves norm > (




The c-theorem

RG flow between fixed points




Conformal Field Theory

Non-dynamical background metric ¢, ()

Conformal Transformation

Diffeomorphism

o — ' (x)
such that

2Q(x)

Juv(T) — € Juw ()



Conformal Field Theory

g,ul/(x) — BZQ(x)gMV(x)
1 o
T H = InZ
K Vg 0§ .

T/ =0




Conformal Field Theory

G (T) = Oy
d > 2

WemEeEl oM

Dilatations ot — At

‘Special Conformal . — "
X ?
1 +2x7b, + b2x2

SO(d +1,1)



Conformal Field Theory

G (T) = Oy
d=2

T,u'u — TZZ — Tzi =0
9, Ty =0
aZTzz =0 8ZT55 =0



Conformal Field Theory

G (T) = Oy
d=2

VRN
=




Conformal Field Theory

>~ L, — L,
T..(2) = Y - T=()= ) ;+2

nN——0=Cc nN——=oo

L 1 and LO

SO(d+1,1) = 50(3,1) subgroup a7
—1 0




Conformal Field Theory

Add a single, real, free, massless
scalar field or Dirac fermion

c—c+ 1



Conformal Field Theory

Cardy NPB 270 (186) 1986

System size L Temperature [’

T>1/L

Sthermo — gCLT —+ ...



Conformal Field Theory

Holzhey, Larsen,Wilczek hep-th/9403108  Calabrese + Cardy hep-th/0405152

Short-distance cutoff (I  Interval of length {

20
Eln -

a

SEE —



Conformal Field Theory

Central Charge

[9)I° = (wly) = 0
Vacuum |0)

L.,|0) =0 Vm>0

Lo |0)* = (0[ L, Lo]|0) = 5m(m® —1) 2 0

c >0



The c-theorem

(T,.(2,2)T,,(0,0)) = Fij?)
(T, (2, 2)T22(0,0)) = Gz(ff )
o - 12

Fixed point => F=¢/2 G=0 H=0



The c-theorem

(T,.(2,2)T,,(0,0)) = Fij?)
(T, (2, 2)T22(0,0)) = Gz(ff )
o - 12

Reflection Positivity — H > ()



The c-theorem

C =2F - 2]{

Fixed point — (' =¢
0,1, =0
r=+vzz




The c-theorem




Other Proofs
Holography

Freedman, Gubser, Pilch,Warner hep-th/9904017
Myers and Sinha 1006.1263, 1011.5819

Entanglement Entropy (EE)
Casini and Huerta hep-th/04051 | |

Weyl Anomaly Matching

Komargodski and Schwimmer 1107.3987 Komargodski |112.4538




Generalizations?

non-local and/or non-unitary QFTs!?
QFTs with less symmetry?
higher dimensions?
QFTs without Euclidean symmetry?

What if duv # dir !
What if the relevant operator is not a scalar?

What if the fixed points have Lifshitz scaling?

T —> A t— At & = dynamical exponent

What if zuv # 2IR !



Higher Dimensions




The g-theorem

Affleck and Ludwig PRL 67 (1991) 161
Friedan and Konechny hep-th/0312197

Local, unitary CFT in d = 2
on a space with a boundary

L



The g-theorem

Conformal boundary conditions

Boundary CFT (BCFT)

L



The g-theorem

SOV — S(A) + / dzdys()N.0)  Ap < 1

Tow = [Tuvlpu +0(2) [Tuvy



. CFT with boundary condition “a”

Boundary RG flow

S(A) = S(\) + /dx By SN0 Ap < 1

. CFT with boundary condition “5”



The g-theorem

At fixed point: conformally map to disk

In g,




The g-theorem

Affleck and Ludwig PRL 67 (1991) 161

System size L Temperature T’

T>1/L

Sthermo — gCLT In 9o



The g-theorem

Calabrese + Cardy hep-th/0405152

Interval including the boundary

20
SEEIEH]. Ilnga—l—...
0 a
1Ilg _ SBCFT SCFT



The g-theorem

Affleck and Ludwig PRL 67 (1991) 161
Friedan and Konechny hep-th/0312197

Define a g-function ¢

Euclidean symmetry, locality, unitarity

0G
"7 <0 T  guv>JgmR

Or




The g-theorem

Affleck and Ludwig PRL 67 (1991) 161
Friedan and Konechny hep-th/0312197

Define a g-function ¢

Euclidean symmetry, locality, unitarity

0GG
T <0 T  guv> R
or




Generalizations?

Proposals
Yamaguchi hep-th/0207171
Takayanagi etal. 1105.5165, 1108.5152, 1205.1573

Estes, Jensen, O’B., Tsatis, VWrase 1403.6475

Gaiotto 1403.8052

Many tests in particular examples




GOAL

Proposals

Nozaki, Takayanagi, Ugajin 1205.1573
Estes, Jensen, O’B., Tsatis,Wrase 1403.6475

Method

Komargodski and Schwimmer |107.3987
Komargodski | 112.4538




Examples

M-theory: M2-branes with a boundary
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The Systems
BCFTin d = 3

With a planar boundary




The Systems

SO(d+1,1) = SO(4,1)

womEeR o\

Dilatations ¥ — Azt

‘Special Conformal . — "
X ?
1 +2x7b, + b2x2

Broken to subgroup that preserves 1 = ()



The Systems

ot — AP "




The Systems

ot = g? 4+ c*




The Systems

Dilatations ct — A\t

Unbroken




The Systems

‘Special Conformal " — "~
X ?
1+ 2xvb,, + b2x?




The Systems
Unbroken symmetry

SO(d +1,1) — SO(d, 1)
SO(4,1) — SO(3,1)




|

The Systems

SO) = SO+ [de dy d=3(x) Ao O(y, 2

(D scalar of SO(3,1) with Ap <2
[TMV]bulk + () [Tw/]a

T\

1), =

} bulk —

0 T/ =6(x)|

7



Single real, free, massless, scalar
Neumann B.C.

S— S5 /dgx 6(x) m*®* (%)

Aqﬂ:l

Single real, free, massless, scalar
Dirichlet B.C.




The Systems
Boundary RG Flows

SO) = SO+ [de dy d=3(x) Ao O(y, 2

Weyl Anomaly Matching

Komargodski and Schwimmer |107.3987 Komargodski |112.4538
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Weyl| Anomaly

CFT inany d

Juv — 5,[“/

T/ =0



Weyl| Anomaly

CFT inany d

Non-trivial g,,,




Weyl| Anomaly

What is the general form of T} " ?

d=14

T} = c1Ryuvpo R*P7 + caR, RM + c3R* + . ..



Weyl| Anomaly

What is the general form of T} " ?

Fixes some coefficients

T} = c1Ryuvpo R*P7 + caR, RM + c3R* + . ..



Weyl| Anomaly

What is the general form of T} " ?

Fixes more coefficients

T} = c1Ryuvpo R*P7 + caR, RM + c3R* + . ..



Weyl| Anomaly

CFT inany d
d odd T"
d even T\
d =2 Tt =

= 0



Weyl| Anomaly

d =4
T =aBE —cWyype WHP?

E = Ry, R"P7 — 4R, R" 4+ R’

“central charges” a and C



Weyl| Anomaly

g,ul/ (33) — €2Q(az)glw/ ($)

o _ pvpo

f \
TypeA

Vo FE VgW?

Changes by a total derivative Invariant




Weyl| Anomaly

BCFT in d = 3

TMM — [T H

i Lo T 0(2) [T,

L

T\ 0

K }bulk —




Geometry of Submanifolds

“target space” xH

Embedding " (o)

Rabcd Rab R




Geometry of Submanifolds




Weyl| Anomaly

[T ,u] — ClR—l—CQ(K bKab — 1I(Z)

See also:

Graham + Witten hep-th/9901021




Weyl| Anomaly

A . 1
TH], =c R+ co(Kap K — 5K?)

Boundary “central charges”
C1 and €2



Weyl| Anomaly

A 1
= c1 R+ co( K, K — 5}(2)

/ \
TrpeA Trpe B

2€)
Guv —7 € Guu

ErglP

Vik = /3[R - 2v20 VKK — 2 K?)

Changes by a total derivative Invariant
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The Proof

Komargodski and Schwimmer |1107.3987
Komargodski | 112.4538

local, unitary QFT in any d
RG flow between fixed point CFTs




L
T} #0
RG flow between fixed point CFTs




Dilaton

Non-dynamical background metric Y9uv (x)

Non-dynamical background scalar 7(x)

Guv — eQQgW T — 7+ )



Dilaton

Non-dynamical background metric Y9uv (x)

Non-dynamical background scalar 7(x)

A\, O(z) = ero=DT@ ) O(z)






Dilaton

Non-dynamical background metric Y9uv (x)

Non-dynamical background scalar 7(x)

— /dda: VgL ),

= [d'e/g |L(\ @)rmo + 7 [T,1] _ +O()



Dilaton

Non-dynamical background metric Y9uv (x)

Non-dynamical background scalar  7()

Weyl Anomaly Matching

d even






Weyl Anomaly Matching

. [T“M}UV [T M}Ifio T [TMML




Dilaton

Integrate out massive DOF

Obtain low-energy effective action

Regular and local in T



Dilaton

Guv — emgw T — 7+ ()

5Se O

— — H
50 5Q1nZ \/§Tu

7’S contribution to Sef must produce

T4 = [T, - [T

0 I"

L



UV . 1
. T/, = Rt ey (KoK b—§K2)

L= [Tﬂu}bulk

L

SO = SO+ [da dy dz 5(a) A, O(y, 2

[T:U“'u] bulk

1
. [T ’UJ} R—Cl R—|—C (KabKab—iKQ)

=0



Dilaton

b 1 2
;—ff — _/d?)i’? 0(x)\/g T [(c — YR+ (eFV — R (K, K° - 5K )]

O(7°)

Guv — QQleuy T — 7+ ()

\/R%\f{ R —2V?Q }

= (va ™ - Ve[ ) Ve Y - df v



Dilaton

. L
T = — A 6(@) VG T [l - e A Y - e an - e

o /d3x5($)\/§ (C}JV — cllR) Vi + ...




Dilaton

. L
off = —/d%&x) VG T | = d Rt (Y = ke~ K

. de 5(33)\/§ (C}JV — CllR) TVQ'T _I_ °* o

T




Dilaton

Juv — 5,11,1/

In 7 — / [ﬁelds] 6—5()\)7- _ <€—fd3a; T(w)TM“(x)+...>T:O



Dilaton

Juv — 5,uu
<€—fd3xfr(:z:)TM“(:c)—|—...> __ 1—/d3337‘(33) <Tu’u(£l?)>
by [ dodyr@r) L @T @) +

T

Taylor expand about &



Dilaton

% /d?’x d*y 7(x)7(y) (Th ()T} (y))

D ¢ [P r(2)0,0,7(@)[ [ @1t -art- @ rwm o)

TMM — [Tuu]bulk +0(x) [Tuu]a
[TMM] bulk =0



Dilaton

% /d?’x d*y 7(x)7(y) (Th ()T} (y))

D ¢ [P r(2)0,0,7(@)[ [ @1t -art- @ rwm o)

(T, (2)T,"(y)) = 6(z)o(y)(|T,"(@)], [T, ()] ,)



Dilaton

% /d?’x d*y 7(x)7(y) (Th ()T} (y))

D ¢ [P r(2)0,0,7(@)[ [ @1t -art- @ rwm o)

(T, (2) T, (y)) = 8(2)3 () ([T, ()], [T, ()] ,) > O



Dilaton

% /d?’x d*y 7(x)7(y) (Th ()T} (y))

D ¢ [P r(2)0,0,7(@)[ [ @1t -art- @ rwm o)

0(x) / dyo(y) (y — )" (y — =) ([T, (2)] , [T, ()] o)

— 5(:1:)%5” / d*yo(y) y* (T, (0)], | T, ()] ,)



Dilaton

% /d?’x d*y 7(x)7(y) (Th ()T} (y))

D ¢ [P r(2)0,0,7(@)[ [ @1t -art- @ rwm o)

0(x) / dyo(y) (y — )" (y — =) ([T, (2)] , [T, ()] o)

—6(@)50" [ dys) P (T,10), [TAW)],) = 0



Dilaton

/d?’x 0(z) V2T (c}JV — cllR)

= [ Br5() rv2r [ [ s (10, [1,00)],)

eyt —cp = % /d?’y S(y) y*([T,"(0)], [TM“(y)M_ > 0




24dmcy — 24me; + 1

Co unchanged




Single real, free, massless, scalar
Neumann B.C.

S— S5 /dgx 6(x) m*®* (%)

Aqﬂ:l

Single real, free, massless, scalar
Dirichlet B.C.




Neumann B.C.

Nozaki, Takayanagi, Ugajin
1205.1573

Dirichlet B.C.




Neumann B.C.

Is ¢1 bounded below?

Dirichlet B.C.




Defects

Local, unitary CFT inany d > 3

With a two-dimensional planar defect

SO(d +1,1) — SO(3,1) x SO(d — 2)




Defects

> 1 ~AQC A
[TMM] defect — C1 R+ €2 (KSbK,ZJb o §K'UK,LL) -+ C3g gdeabcd
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Summary




Summary

Higher-dimensional g-theorem




Outlook

Immediate questions

Other methods of proof?



Examples

M-theory: M2-branes with a boundary




Outlook

I”

Find a “universal” proof of monotonicity theorems?

Myers and Sinha Giombi and Klebanov
1006.1263, 1011.5819 1409.1937




Thank You.




