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Abstract: A nonperturbative lattice study of QCD at �nite chemical potential is compli-

cated due to the complex fermion determinant and the sign problem. Here we apply the

method of stochastic quantization and complex Langevin dynamics to this problem. We

present results for U(1) and SU(3) one link models and QCD at �nite chemical potential

using the hopping expansion. The phase of the determinant is studied in detail. Even

in the region where the sign problem is severe, we �nd excellent agreement between the

Langevin results and exact expressions, if available. We give a partial understanding of

this in terms of classical 
ow diagrams and eigenvalues of the Fokker-Planck equation.
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1. Introduction

A nonperturbative understanding of QCD at nonzero baryon density remains one of the

outstanding problems in the theory of strong interactions. Besides the theoretical challenge,

there is a clear phenomenological interest in pursuing these studies, due to the ongoing

developments in heavy ion collision experiments, at RHIC, LHC and at the planned FAIR

facility at GSI.

The standard nonperturbative tool to study quarks and gluons, lattice QCD, cannot

be applied in a straightforward manner, because the complexity of the fermion determinant

prohibits the use of approaches based on importance sampling. This is commonly referred

to as the sign problem. Since the start of the millenium a number of new methods has been

devised. These include reweighting [1 { 4], Taylor series expansion in �=T [5 { 8], imaginary

chemical potential and analytical continuation [9 { 12], and the use of the canonical ensem-

ble [13, 14] and the density of states [15]. Except for the last two, these approaches are
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approximate by construction and aimed at describing the QCD phase diagram in the region

of small chemical potential and temperatures around the crossover between the con�ned

and the decon�ned phase. In this paper we discuss an approach which is manifestly in-

dependent of those listed above: stochastic quantization and complex Langevin dynamics.

How well this method will work is not known a priori. However, one of the �ndings of our

study is that excellent agreement is found in the case of simple models, where comparison

with results obtained di�erently is available. In particular we �nd that the range of appli-

cability is not restricted to small chemical potential and, importantly, does not depend on

the severity of the sign problem. The �rst results we present for lattice QCD at nonzero

density are encouraging, although a systematic analysis has not yet been performed.

This paper is organized as follows. In the following section we brie
y describe the idea

behind stochastic quantization and the necessity to use complex Langevin dynamics in the

case of nonzero chemical potential. In sections 3 and 4 we apply this technique to U(1)

and SU(3) one link models. In both cases a comparison with exact results can be made.

We study the phase of the determinant in detail. In the case of the U(1) model, we employ

the possibility to analyse classical 
ow diagrams and the Fokker-Planck equation to gain

further understanding of the results. In section 5 we turn to QCD, using the full gauge

dynamics but treating the fermion determinant in the hopping expansion. Our �ndings

and outlook to the future are summarized in section 6. The appendix contains a brief

discussion of the Fokker-Planck equation in Minkowski time for the one link U(1) model.

2. Stochastic quantization and complex Langevin dynamics

The main idea of stochastic quantization [16, 17] is that expectation values are obtained

as equilibrium values of a stochastic process. To implement this, the system evolves in a

�ctitious time direction �, subject to stochastic noise, i.e. it evolves according to Langevin

dynamics. Consider for the moment a real scalar �eld �(x) in d dimensions with a real

euclidean action S. The Langevin equation reads

@�(x; �)

@�
= � �S[�]

��(x; �)
+ �(x; �); (2.1)

where the noise satis�es

h�(x; �)i = 0; h�(x; �)�(x0; �0)i = 2�(x � x0)�(� � �0): (2.2)

By equating expectation values, de�ned as

hO[�(x; �)]i� =

Z

D� P [�; �]O[�(x)]; (2.3)

where O is an arbitrary operator and the brackets on the left-hand side denote a noise

average, it can be shown that the probability distribution P [�; �] satis�es the Fokker-Planck

equation
@P (�; �)

@�
=

Z

ddx
�

��(x; �)

�

�

��(x; �)
+

�S[�]

��(x; �)

�

P [�; �]: (2.4)
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In the case of a real action S, the stationary solution of the Fokker-Planck equation, P [�] �
exp (�S[�]), will be reached in the large time limit � ! 1, ensuring convergence of the

Langevin dynamics to the correct equilibrium distribution. When the action is complex, as

is the case in QCD at �nite chemical potential, the situation is not so easy. It is still possible

to consider Langevin dynamics based on eq. (2.1) [18 { 21]. However, due to the complex

force on the right-hand side, �elds will now be complex as well: � ! Re � + iIm �. As a

result, proofs of the convergence towards the (now complex) weight e�S are problematic.

In the past, complex Langevin dynamics has been applied to e�ective three-dimensional

spin models with complex actions, related to lattice QCD at �nite � in the limit of strong

coupling and large fermion mass [22 { 24] (for applications to other models, see e.g. ref. [25]).

Our work has also partly been inspired by the recent application of stochastic quantization

to solve nonequilibrium quantum �eld dynamics [26 { 28]. In that case the situation is

even more severe. Nevertheless, numerical convergence towards a solution can be obtained

under certain conditions, both for simple models and four-dimensional �eld theories. For

an illustration we present some original results in the appendix.

Here we consider models with a partition function whose form is motivated by or

derived from QCD at �nite chemical potential. The QCD partition function reads

Z =

Z

DU e�SB det M; (2.5)

where SB(U) is the bosonic action depending on the gauge links U and det M is the complex

fermion determinant, satisfying

det M(�) = [det M(��)]�: (2.6)

Speci�cally, for Wilson fermions the fermion matrix has the schematic form

M = 1 � �

3
X

i=1

�

�+iUx;iTi + ��iU
y
x;iT�i

�

� �
�

e��+4Ux;4T4 + e����4U y
x;4T�4

�

: (2.7)

Here T are lattice translations, ��� = 11 � 
�, and � is the hopping parameter. Chemical

potential is introduced by multiplying the temporal links in the forward (backward) direc-

tion with e� (e��) [29]. We use eq. (2.7) as a guidance to construct the U(1) and SU(3)

one link models considered next.

3. One link U(1) model

3.1 Complex Langevin dynamics

We consider a one link model with one degree of freedom, written as U = eix. The partition

function is written suggestively as

Z =

Z

dU e�SB det M =

Z �

��

dx

2�
e�SB det M; (3.1)

where the \bosonic" part of the action reads

SB(x) = ��

2

�

U + U�1
�

= �� cos x; (3.2)

{ 3 {



J
H
E
P
0
9
(
2
0
0
8
)
0
1
8

while the \determinant" is constructed by multiplying the forward (backward) link with

e� (e��),

det M = 1 +
1

2
�

�

e�U + e��U�1
�

= 1 + � cos(x � i�): (3.3)

Due to the chemical potential, the determinant is complex and has the same property as the

fermion determinant in QCD, i.e. det M(�) = [det M(��)]�. For an imaginary chemical

potential � = i�I , the determinant is real, as is the case in QCD.

Observables are de�ned as

hO(x)i =
1

Z

Z �

��

dx

2�
e�SB det M O(x): (3.4)

In this model most expectation values can be evaluated analytically. We consider here the

following observables:

� Polyakov loop:

hUi = heixi =
1

Z

�

I1(�) + �I 0
1(�) cosh � � �I1(�)=� sinh �

�

; (3.5)

where the partition function equals

Z = I0(�) + �I1(�) cosh �; (3.6)

and In(�) are the modi�ed Bessel functions of the �rst kind.

� Conjugate Polyakov loop:

hU�1i = he�ixi = heixi
�

�

�

�

�!��

: (3.7)

At �nite chemical potential, hUi and hU�1i are both real, but di�erent.

� Plaquette:

hcos xi =
@

@�
ln Z =

1

Z

�

I1(�) + �I 0
1(�) cosh �

�

: (3.8)

Note that hcos xi = 1
2heix + e�ixi.

� Density:

hni =
@

@�
ln Z =

�

i� sin(x � i�)

1 + � cos(x � i�)

�

=
1

Z
�I1(�) sinh �: (3.9)

At small chemical potential hni increases linearly with �, while at large chemical

potential hni ! 1 exponentially fast.

We now aim to estimate these observables using numerical techniques. Due to the com-

plexity of the determinant, they cannot be estimated using methods based on importance

sampling. Instead, we attempt to obtain expectation values using stochastic quantization.
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At nonzero chemical potential, the action is complex and it becomes necessary to

consider complex Langevin dynamics. We write therefore x ! z = x + iy, and consider

the following complex Langevin equations

xn+1 = xn + �Kx(xn; yn) +
p

��n; (3.10)

yn+1 = yn + �Ky(xn; yn): (3.11)

Here we have discretized Langevin time as � = n�, and the noise satis�es

h�ni = 0; h�n�n0i = 2�nn0 : (3.12)

The drift terms are given by

Kx = �Re
@Se�

@x

�

�

�

�

�

x!x+iy

; Ky = �Im
@Se�

@x

�

�

�

�

�

x!x+iy

; (3.13)

where the e�ective action reads

Se� = SB � ln det M = �� cos x � ln [1 + � cos(x � i�)] : (3.14)

Explicitly, the drift terms are

Kx = � sin x

�

� cosh y + �
cosh(y � �) + � cos x

D(x)

�

; (3.15)

Ky = �� cos x sinh y � � sinh(y � �)
cos x + � cosh(y � �)

D(x)
; (3.16)

where

D(x) = [1 + � cos x cosh(y � �)]2 + [� sin x sinh(y � �)]2 : (3.17)

Occasionally we will also consider this model by expanding in small �, the hopping expan-

sion, and take

Se� = �� cos x � � cos(x � i�) (hopping expansion): (3.18)

This limit is motivated by the model of Heavy Dense Matter used in ref. [36]. A direct

application of our method to QCD in the hopping expansion is presented in section 5.

In order to compute expectation values, also the observables have to be complexi�ed.

For example, after complexi�cation x ! z = x + iy, the plaquette reads

cos x ! cos(x + iy) = cos x cosh y � i sin x sinh y: (3.19)

All operators we consider are now complex, with the real (imaginary) part being even (odd)

under x ! �x.

The Langevin dynamics can be solved numerically. In �gure 1 the real parts of the

Polyakov loop and the conjugate Polyakov loop are shown as a function of � for three

values of � at �xed � = 1=2. In �gure 2 (left) the density is shown. The lines are the

exact analytical results. The symbols are obtained with the stochastic quantization. We
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Figure 1: Real part of the Polyakov loop heixi (left) and the conjugate Polyakov loop he�ixi (right)

as a function of � for three values of � at �xed � = 1=2. The lines are the analytical results, the

symbols are obtained with complex Langevin dynamics.

observe excellent agreement between the analytical and numerical results. For the results

shown here and below, we have used Langevin stepsize � = 5�10�5 and 5�107 time steps.

Errors are estimated with the jackknife procedure. The imaginary part of all observables

shown here is consistent with zero within the error in the Langevin dynamics.1 This can be

understood from the symmetries of the drift terms and the complexi�ed operators, since

the drift terms behave under x ! �x as

Kx(�x; y; �) = �Kx(x; y; �); Ky(�x; y; �) = Ky(x; y; �); (3.20)

while the imaginary parts are odd. Therefore, after averaging over the Langevin trajectory

the expectation value is expected to reach zero within the error, which is what we observe.

As an aside, we note that the symmetry of the drift terms under y ! �y,

Kx(x; �y; ��) = Kx(x; y; �); Ky(x; �y; ��) = �Ky(x; y; �); (3.21)

relates positive and negative chemical potential.

At imaginary chemical potential � = i�I the determinant is real, so that the complexi-

�cation of the Langevin dynamics is not necessary. We demonstrate the smooth connection

for results obtained at imaginary � using real Langevin dynamics and results obtained at

real � using complex Langevin dynamics for the expectation value of the plaquette hcos xi
in �gure 2 (right). Since the plaquette is even under � ! ��, we show the result as a

function of �2, so that the left side of the plot corresponds to imaginary chemical poten-

tial, while the right side corresponds to real chemical potential. On both sides excellent

agreement with the analytical expression can be observed. We also note that the errors

are comparable on both sides.

3.2 Phase of the determinant

At �nite chemical potential the determinant is complex and can be written as

det M = j det M jei�: (3.22)

1Analytically they are identically zero.
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Figure 2: Left: real part of the density hni. Right: real part of the plaquette hcos xi versus �2.

Results at positive (negative) �2 have been obtained with complex (real) Langevin evolution.

In order to assess the severity of the sign problem, we consider the phase of the determinant

and study the behaviour of ei�. An observable often used for this purpose [38, 39] is

he2i�i =

�

det M(�)

det M(�)�

�

=

�

det M(�)

det M(��)

�

; (3.23)

where we used eq. (2.6). At zero chemical potential the ratio equals one, while at large �

one �nds in this model that

lim
�!1

he2i�i =
I3(�)

I1(�)
+ O(e��); (3.24)

for nonzero �. In expressing eq. (3.23) as the expectation value obtained from the complex

Langevin process, complex conjugation has to be performed after the complexi�cation of

the variables, as discussed above. In that case det M(�)� as a complex number is not the

complex conjugate of det M(�). To avoid confusion we write det M(��) in all relevant

expressions. Notice that this implies that � itself is also complex.

In �gure 3 (left) we show the real part of this observable as a function of �. The

imaginary part is again zero analytically and zero within the error in the Langevin process.

The lines are obtained by numerical integration of the observable with the complex weight,

while the symbols are again obtained from Langevin dynamics. We note again excellent

agreement between the semi-analytical and the stochastic results. In particular, there

seems to be no problem in accessing the region with larger � where the average phase

factor becomes very small. The numerical error is under control in the entire range. We

�nd therefore that the sign problem does not appear to be a problem for this method in

this model.2

In contrast to what could be inferred from the result above, expectation values of ei�

are not phase factors, due to the complexity of the action. This can be seen by considering

he�2i�i =

�

det M(��)

det M(�)

�

=
Z(��)

Z(�)
= 1; (3.25)

2In QCD, the average phase factor is expected to go to zero exponentially fast in the thermodynamic

limit.
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Figure 3: Left: real part of he2i�i = hdet M(�)= det M(��)i. Right: real part of he�2i�i =

hdet M(��)= det M(�)i = Z(��)=Z(�).

where the second and third equality follow from the cancelation of det M(�) in the de�nition

of the expectation value and from Z being even in �. We have also computed this observable

using Langevin dynamics and the result is shown in �gure 3 (right). For the Langevin

parameters used here, we observe that the numerical estimate is consistent with 1, but with

quite large errors when � increases at small values of �. We have found that increasing the

Langevin time reduces the uncertainty. We conclude that at large chemical potential this

ratio of determinants is the most sensitive and slowest converging observable we considered.

We observed above that the average phase factor becomes very small at large � but

that this does not manifest itself in all but one observable we consider. Insight into this

feature can be gained by studying scatter plots of the phase factor during the Langevin

process. In �gure 4 we show the behaviour of e2i� during the Langevin evolution in the two-

dimensional plane spanned by Re e2i� and Im e2i�. At zero chemical potential, Re e2i� = 1

and Im e2i� = 0 during the entire evolution. For increasing � one �nds more and more

deviations from this, with an interesting structure at intermediate values of �. Note that

the resulting distribution is approximately invariant under re
ection in Im e2i� ! �Im e2i�,

ensuring that the imaginary part of the expectation value he2i�i vanishes within the error.

Due to the wide distribution, the horizontal and vertical scales in the middle section of

�gure 4 are much larger than in the top and bottom part. However, the average phase

factor remains well de�ned for all values of �, as can be seen in �gure 3. At large �,

the average phase factor becomes very small. However, the distribution is very narrow,

see �gure 4 (bottom). Therefore, although the average is close to zero, the error in the

Langevin dynamics is very well under control.

3.3 Fixed points and classical 
ow

The excellent results obtained above can partly be motivated by the structure of the dy-

namics in the classical limit, i.e. in absence of the noise. As we demonstrate below, the

classical 
ow and �xed point structure is easy to understand when � = 0 and, most im-

portantly, does not change qualitatively in the presence of nonzero chemical potential.
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