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Trivial solution to sign problem ?
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e asign problem at nonzero density But that can be solved exactly |

e asmooth large-N limit.
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Probably not, but how ? after all

quenched(QCD) N=oo QCD  reflects a basic feature of large-IN gauge theories

Given that it does not go away : can be made soft ?

General arguments :

(phase (det (D + you +m)) ) ~ e~V confined large-N gauge theories
are independent of V

QCD in 1+1 dimensions - the "t Hooft model.

Surprisingly, not much work done : neglect

certain

e Salcedo, Negele & Levit "92. B =1 type ofquz.mtum
fluctuations

e Schon & Thies "0o. vicinity of m=0, assume "t Hooft model = sine-Gordon.




Goal of study :

Solve large-N "t Hooft model with arbitrary :

quark mass m, volume L, baryon number B, incorporating “0-modes”.

e Hope to understand general features of QCD at nonzero B :
Characteristics of phase diagram ?
Sign-problem ?

Large-N “quenched” confusions :
are sea quark suppressed or not ?
confusion resolved, but will not discuss it here :

-»- While quarks do not back-react on gauge fields, they are not quenched.

-»- Naive planar diagram analysis is miss-leading.




Outline

Formalism : Hamiltonian, gauge fixing, Gauss law.

II.  Large-N coherent state : Hguantum — Heclassical

Remarks on some features of H¢lassical (L)

ITII.  Results from min (H

Cla,ssical)

IV.  Numerical experiments with sign problem at large-N.

V. Conclusions + some ideas.
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Hamiltonian QCD in 1+1

Ux — Ux+ L,
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“Fixing” Axial gauge

e Gauge away [/, , but get left with ©q : Kig

e Hamiltonian :

L
He = 330 [(wts e/t
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Resolving GGauss law
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Resolving GGauss law
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operators

pab N w’fbwa

Axial gauge left us with

Commutation relations

ab cd] ef

p"7, P ~ p

Pa, 5] = 0

— “0O-modes”

[Egi(b Spa,] ~ 1
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Hamiltonian :

Ho+ Hig + He,
922(

fa l*’a L T, .Ta,.)a
_—ZL / l+1+hC +I72§ :( l) Ve Yes

I

/ ab pba ip(rx—y)
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Hilbert space :

> it =

T




Strategy for diagonalization : use large-N

Large-N QCD is simpler than 3-color QCD

mesons and glueballs do not interact, baryons are classical, no decays, no fluctuations, ....
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Strategy for diagonalization : use large-N

The large-N limit of QCD is a classical limit.

diag (Hquantum) — HlCiIl [H(C)}

e General paradigm realized in the coherent state approach for QCD  Yaffe

unitary

color-singlet 1
operator
" C) =U(C)|0) aebicary
| color-singlet

“reference”
H(C) = (C|Hguantum|C)

state

U(C) = exp [Cr X Y Up—y1by| x exp [Cél) x N tr(W) + 652) x N tr(E' N W)
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Coherent states, cont’d

e Dominance of glue over fermions :

H(C) = Hgiue(Cy

%
O(N?)

e Step A: Minimize leading

Hglue (Cg) — <Cg‘Hg1ue’Cg>

e Step B: Minimize sub-leading

7_[F(Cg — Cg,minycF) — <Cg,min‘<CF‘HF’CF>’Cg,min>

— O wlews), (O wlretralvmalLegay

a a




OK, so roll up your sleeves and start working ...

Ho+ Hig + He,
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A Peek at Hp(p2,)

e More convenient : pgy(p) =

/2_:' Z {(_%pr,.r-{-l(p) + C'C'> + 7n‘(_]-)Ip'l‘l'(p)}

TELL .,
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zyelyr, =1

o If assume ansatz: p% = f(z—y+ QL)




A Peek at Hp(pa?y)

e More convenient : pgy(p) =

J i | |
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Large-N volume independence !!!
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Remarks (I)

e Meaning p%, ~ (¥i%e Waly—o+QLo)/Ls vy ) = fle—y+QLs)

O
e

As if L is infinite

e Papers “ignoring” O-modes : have “set” ¢, — 0 & break Zn~

W (o) =N w09, i,

a

No L independence : wrong
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Minimizing Hr(p%,)

e JTo minimize

oH

e solve, numerically, ——— = () : becomes a constraint Hartree-Fock

|

> p2, = Big

5,0:%

e regularize :

incorporate
M = oc 0-modes

Q=041,4243 - +00—Q=0,+1,+2, +3, +M

e In practice
M =1,5,15,25
L, = 130 — 500
avV'\ ~0.62,0.31,0.15,0.07

2 < LV <80

M =1 neglect
0-modes

m/vV~0.02,0.2,0.4,1.2,2.4

B=0,1.2,....30

0<npg/VASL5

0 < UB

S 10
o mB/N




Results : volume independence

M=25 (with zero modes)
|

M=1 (no zero modes)
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av )~ 0.31 Results : B=1

Baryon density of a single baryon
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avV )~ 0.15 Results : B> 1

Quark condensate, mq/-\"k ~02 Number density, m/\A~ 0.2
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aVvV )\~ 0.31 Results : B> 1

Helical structure of the B=4 ground state, mq/\fk ~0.02
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Results : B> 1

Volume averaged Quark condensate, mq/v'k ~0.2
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Results : B> 1

Volume-average quark condensate vs chemical potential

Condensate

(regularized,
normalized to
value at B=o) -2.5




Results : B> 1

Volume-average quark condensate vs chemical potential

translation symmetry tr anslatiO}x/symmetry

Condensate

L independence u indyfendence

(regularized,
normalized to
value at B=o) —¢




Go back to L independence :
e We saw that Hamiltonian is volume independence so long as

pgy:f(x_y+QLs)

/N symmetry intact guaranteed by gluons

»

Translation symmetry intact Only for p <mp/N

e Can be useful ?

Study sign problem in 1+1, large-N QCD, at V~0,and # < MpB /N

(det (D + UYo + m)> ~ e TV if V~ 0, a “soft” sign problem




Use volume independence, cont’d

"t Hooft model on a single site

1
2= [ DU e me T U U ot 5 oo (Vo + Uf e ) 40 (U1 + U]

e Naive (four-fold doubling, not an issue).
6 X Intel(R)Core(TM) 2.66GHz

a couple of months

1. Generate configs with heat-bath (Fabricius-Haan) N = 10.20.40

3/2N*= 0.6,6,10

m/V >~ 0.56
my/(2VA) ~ 0.6 — 0.65

mp/V N~ 0.758

2. Calculate explicitly determinant.

3. Re-weight.




Use volume independence, cont’d
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1
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U(N) : p—independence

SU(N) : p—dependence through puN
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1
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Use volume independence, cont’d

* 't Hooft model on a single site

1
Z:/DUeﬁReTr[UoUlUgU”/N det [m‘|’§’70 (er'u—l—Uge_“) + 7 (U1_|_U1T)]

I

invariant to center

U(N) : p—independence U — [Je™

SU(N) : p—dependence through puN U— U x {eQWi/N, edmi/N

Try to “re-sum” path integral over all ZN vacua ...
y p g




Use volume independence, cont’

* 't Hooft model on a single site

I —

invariant to center

U(N) : p—independence U — [Je™
O

SU(N) : p—dependen rw U — U X [ezm/N,e‘”i/N

Try to ath integral over all ZN vacua ...




Results : average sign
< det (D + pvo) >

det (D + o))

equivalent to large-IN QCD:o Model for sign problem
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Results : average sign
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det (D + o))

equivalent to large-IN QCD:o Model for sign problem
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Results : average sign (Zx averaging)

< det (D + o) >
[det (D + o)

6, N = 10(Blue), 20(Red), 40(Black)
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; : ;
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Results : unquenched free energies

Free energies, Fgf=1 N = 10(Blue), 20(Red), 40(Black)

I | I I

equivalent to large-N QCDao




Results : unquenched free energies

P1ONn MASSES Free energies, Fgf1 N = 10(Blue), 20(Red), 40(Black)
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. sigenproblenfl .
...... appearshere e

1.5?
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equivalent to large-N QCD:2o Model for sign problem




Results : unquenched free energies

Free energies, Fgf=1

<




Conclusions

e Solved two-dimensional QCD with nonzero density :

e Arbitrary mass, B, and L.

e No ansatz.

e 'Treat O-modes correctly (crucial at large densities)

e Large-IN 't Hooft model contains a helical crystal at nonzero B.

translation symmetry

translatio/n/symmetry

V, W independence

f

: | :
e (Can study sign problem here with
(orthogonal approach)

V,u indgp/endence

M=p=M; /N

(very) modest resources




Conclusions

e Numerical results in “Eguchi-Kawai” model = QCDz for ¢ < mp/N.

e Sign problem solved for # < mp/N by using ZN averaging.
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e Seems that "t Hooft model has a moderate sign problem ...

e Perhaps not outrageous to simulate & re-weight N=3 on large volumes ?




Conclusions

e Numerical results in “Eguchi-Kawai” model = QCDz for ¢ < mp/N.

e Sign problem solved for # < mp/N by using ZN averaging.

e Seems that "t Hooft model has a moderate sign problem ...

e Perhaps not outrageous to simulate & re-weight N=3 on large volumes ?

e Can show (numerically and analytically), at large-N :
(as long as confined)

QO




Zero modes

. . . I . .
Differential realization of £,,_q: with some work can realize
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Coherent states, cont’d

e Fermionic sector : choose reference state |0) = |B static baryons),

|9' = 11(9)|O: = exp (_1’ S: y: er L.-}Ia E_-z'«pa,(y—lr).,-"Ls L’;) |O)

;TEZLS yEZ




Coherent states, cont’d

e Fermionic sector : choose reference state |0) = |B static baryons),

6) = U(6)[0) = exp (—i > by vI“e“‘“(y‘l‘)"’Lsu;‘) 0).

;TEZLS yez




Coherent states, cont'd

e Fermionic sector : choose reference state |0) = |B static baryons),

8) = U(8)|0) = exp (—i > Y e, u;aewa(y—ﬂf’fsu;) 0),

&TEZLS yEZ

1) /

z ta itpae/Ls ,a r | tfa,a )
32 : Vel bl +hee.+m E (D)7l | E: . 2 (Pa—wp)/Lstp
4 = S “avp 48In ( 5 — )

ab ba wply—zx)
PF z PF,y € Ply==

£

takes some time, only show what H  depends on ...




ab ba ip(y—x)

Coherent states, cont'd #:= iz orwe + 0y 00

s gop 4 8in? 5

6) = U(6)|0) = exp (—i S° Y by vt eieelvmabay, ) 0),

r€ZL, yeZ




Coherent states, cont’d #r= [y uem, cne sy oo

16) = U(#)|0) = exp (_; Z Z B,y W@ eipaly=o)/La yya

;TEZL3 yGZ

e (alculate

Hr = (0| Hp(1,)]0) = (0|Hp(Ug ¢, U)|0)




Coherent states, cont’d #r = fxwem,vneeny oo +

16) = U(0)|0) = exp (_i Z Z Opy b1 iPey=2)/La

;TEZLS yEZ

e (alculate

Hr = (0| Hp(1,)]0) = (0|Hp(Ug ¢, U)|0)

Up 3 Uy = D [A(O)],,, €=/ gy

YyesL




Coherent states, cont’d #r = fxwem,vneeny oo +

16) = U(0)|0) = exp (_i Z Z Opy b1 iPey=2)/La

;TEZLS yEZ

e (alculate

Hr = (0| Hp(1,)]0) = (0|Hp(Ug ¢, U)|0)

Up 3 Uy = D [A(O)],,, €=/ gy

YyesL

Us (Z yie ebeatv=a)/L. w;;) Uf = 37 [AO)], [A*(O)],0, (Z P ebeevmu)/Ls wz)

WUVE L




Coherent states, cont’d #r = fxwem,vneeny oo +

6) = U(6)]0) = exp (—z‘ > > e, ylaeimy—r)/sz;) 0),

;TEZLS yezZ

e (alculate

Hr = (0| Hp(1,)]0) = (0|Hp(Ug ¢, U)|0)

Up s Ug = Y [AB)],, ety




Coherent states, cont’d #r = fxwem,vneeny oo +

|6) = U(0)|0) = exp (—i YN b, wie ety

;TEZLS yezZ

e (alculate

Hr = (0| Hp(12)]0) = (0|Hp(Ug ¢ U)|0)




ip(y—z)

COherent States ’ Cont,d HF = _é zr: ,lr,-',la eiva/La Vi + he + -mg: (—1)" yj,-la-uj,g. + %32' ((%_@)/Lﬁp)

s 57 4sin? 3

6) = U(6)]0) = exp (—z‘ > > e, ylaeimy—r)/sz;) 0),

;TEZLS yezZ

e (alculate

Hr = (0| Hp(12)]0) = (0|Hp(Ug ¢ U)|0)

(0|Uq (Zw:za g'eely=)/Ls ws) Ua10) = > [A(0)],, [A*(0)],,, (0]

a WUVEZL

Z Z gipav=w)/Lag Z Pyby—uw.qr.

a q&€Z qQEZ




Coherent states, cont’d #r = fxwem,vneeny oo +

16) = U(H)|0) = exp (_i Z Z Oy i@ eioely=2)/Lo ypa

;TEZLS yezZ

e (alculate

Hr = (0| Hp(12)]0) = (0|Hp(Ug ¢ U)|0)

(0|Us (Zw:za g!e =)/ Ls w;) Ug0)y = > [A(0)],,

WUVEZL

<0|U9 (Z wla 6i§0a(y—$)/Ls w;) UT'O Z Z

qQEZ weZ




Coherent states, cont’d #r = fxwem,vneeny oo +

16) = U(H)|0) = exp <_1‘ Z Z Oy i@ eioely=2)/Lo ypa

;TEZLS yezZ

e (alculate

Hr = (0| Hp(12)]0) = (0|Hp(Ug ¢ U)|0)

(0|Us (Zw:z“ g!e =)/ Ls w;) Ug0) = > [A0)],,

WUVEZL

<0|U9 (Z wla 6i§0a(y—$)/Ls ng) UT'O Z Z

qQEZ weZ

(0|U, <Z wla oipa(y—z)/Ls wz) Ug|0> — Z pd, x P

q€EZ




e (alculate

Hr = (0| Hp(12)]0) = (0|Hp(Ug ¢ U)|0)

(0]Uq (Zwiﬁ g'eely=)/Ls w;) Ua10) = > [A(0)],, [A*(0)],,, (0] (Zwi&% g'¢elv=w)/Ls wz) 0)

WUVEZL

<0|U9 (Z wla 6i§0a(y—$)/Ls ng) UT'O Z Z

qQEZ weZ

<O|UQ (Z wla eigoa(y_w_QLs)/L ) UT|O Z /0 % Pq—Q

qEZ




Coherent states, cont'd

e So find ‘Hr depends on

T dk
Zpg:y XPq—Q:Z{/ %GQkPwy(k)} X Py—q

qQEZ qEZ -

e (lue dynamics : Z~ vacuum of

<Pq—Q> — Néq—@

v

{ (_%l)r,r-i-l(p) -+ C-C-> + ')n.(—l)"T/)I-I (p)}
Z

Ls ) 6,-1'2 wl(z—y)/Ls

Z Z Pzy (p) ﬁyx (p’
om 2w L, 4sin?((p— p') /L + 2ml/Ly) /2

zyeZr, I=1




Remarks (I)

. . . _ q __
e If assume translation invariance : Oy = 0p—y — Pzy — Px—y+qL,

{ (—%Pl =+1(p) + c.c.) + '772-(—1)I/)N(P)}

ei2ml(z— y)/Ls

L.
Q dp’ L Z /)ry(p) Py=(p') €
4sin® ((p — p') /L + 27l /Ly) /2

N

2T
d 2N [ fdp dg t
Hrp/(NLs) = / Pt [p(p) (—oasin(p) + moy)] g ][][fp ag _u (p(p) plq))
0

../Il 27 L l-yeZ

2m 21 4sin® ((p — q)/2)

..aM

L. independence !




Remarks (I)

. . . _ q __
e If assume translation invariance : Oy = 0p—y — Pzy — Px—y+qL,

_%px,ﬁ.l(p) + C.C.) + -m(—l)‘rpm(p)}

1211'1(1 y)/Ls

Ls
dpdp 1 Z Z /)ly(]))pyl(]))
4sin® ((p — p')/L¢ + 27l/Ly) /2

N

27
i 2N [ fdp dg t
Hp/(NLy) =/ O—)tl [p(p) (—o3sin(p) + moy)] 9 ][][(P dq tr (p(p) plq))
0

o 27 L,
S ayeZy, I=1

2m 27 4sin® ((p — q)/2)

L. independence !

e Papers “ignoring” O-modes : have “set” ¢, — 0 & break Zn

N N

Vq: P, =N %Zpin%—Z{/ ifj K Pwy(k)}X%Q_ny(k_O)

q€”Z q€Z




Remarks (I)

. . . _ q __
e If assume translation invariance : Oy = 0p—y — Pzy — Px—y+qL,

{

_5,)1,,1,4_1(])) + C.C.) + -m(—l)‘rpm(p)}

2271’1(1 y)/Ls

L,
dpdp’ 1 E: }E: puxpn@l@)
4sin® ((p— p')/ L+ 27l/Ly) /2

N

or 27 L,

zyeZL, I=1

2T
d 2N [ [dp dg t
Hp/(NL) =/ ltl [p(p) (—ogsin(p) + may)] g ][][(p dq _tr (p(p) p(9))
0

2m 21 4sin® ((p — q)/2)

L. independence !

e Papers “ignoring” O-modes : have “set” ¢, — 0 & break Zn

N N

Vq: P, =N %Zpin%—Z{/ Zﬁ | pwy(k)}X%Q_ny(k_O)

q€”Z q€Z

P2y — Pzy  No L independence !




Remarks (IT)
_ / d’) 3 {( ~prat1(p) +c. c)+-rn(—1>‘T/J-r.r(1)>}

JF[_,

AN [ [dpdpy 1 S i ey (D) pya(p') €271 E=0)/ Lo
4 2w 2w L 1-15111 ((p—p')/Le+2ml/Lg) /2

xyelL, l=

e B enters through :

e extra B-dependent, yet constants, terms.

e constraints on ,Oa;y(p) obeys : me(p) =B,

e To minimize Hx(p)

OH
e solve, numerically, 5o (D) =0,
Ty

2w 4

I T S 072 T e Ty T e e
o descretize Pzy(P € (0,27]) — pay(p IR,




Remarks (IT)
= [ 5 (et e nc i)

.le 'L g
‘ Ls a2wl(x—
ng' dp dp’ 1 Z Z /)ly(])) Pyzx (p') e 2nl(z—y)/Ls

4 2w 21 Ly - 4sin® ((p — p’)/Ls + 27l/Ly) /2

zyeZy, l=

e B enters through :

e extra B-dependent, yet constants, terms.

e constraints on ,Oazy(p) obeys : me(p) =B,

e To minimize Hx(p)

oH

e solve, numerically, =0, _
0Py () incorporate

0-modes

21 4 M
. _ 4T oaT
o descretize Puy(p € (0,27]) — pay(p= -7, 77 M =1 neglect

0-modes




Results : continuum extrapolation

M = 1, but a relatively large volume of L\/\/(27) = 32

|
o
)
S

|
o
(@)
@

I
o
o
N

o aVM(2n)=0.123

o aVA/(2r)=0.0615

< avM(2r)=0.03075
—&— Prediction by Burkardt
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Results : continuum extrapolation

Continuum extrapolation of condensate

[ [ I I
| M=1 | E'm/-\/x = 0.05/+/2m
M=15 Ly/A/(27) = 32
Analytic prediction | 5 5

(Renormalized condensate)/(NV A
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Results : B=1

Baryon density of a single baryon

—e—aM/(2n)=0.246
a\/(2m)=0.133
< aVM/(2m)=0.067

—— sine-Gordon soliton




LM/ (27) = 16,24, 48 Results : B=1

m/vVA = (0.5,0.25,0.05)//27

| | | |

o
o
NO

o
o
A
n

[ Peak of baryon density ]°

| © Extrapolation of data to continuum  f------- E o Extrapolation of data to continuum
| ——prediction of sine-Gordon soliton § —— prediction of sine-Gordon soliton

0.05 0.1 0.15 0.2 0.05 0.1 - 015
mAA mAA




Results : B=1

m q/\"x ~0.02

| |

0.6 . 1 0 : 0.4 0.6
™ LY

Baryon mass at ay/A\/(27) = 0.123 and L\/\/(27) = 16 as a function of 1/M




Results : B> 1

Energy difference A E(B) = E(B)-E(0)




Results : B=1

. i N~
Quark condensate, m qNA ~02 Number density, mq/\ h~0.2
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Here a\/A\/(2m) = 0.123, m/vA = 0.5/2r, L\/\/(27) =




Results : B> 1

Quark condensate, mq/\"k ~02 Number density, mq/'\"k ~0.2

One baﬁyon in HOne.bar§on.in“u"”"“”ﬂ".u__"“”"“”

- a volume L/5
a volume L o
fin blue) ) " ) |

‘i §| I

.......F.ive..bar.yéons..j_.n......... T . """Fi'xié"b'a‘fyibhé"i'n
2 volufie L a volume L/5 ,
(in blue)

(in red)
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—
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(Number density) / VA
o o
ro =

(Quark condensate) / VA, free theory subtracted
=




Results : B> 1

Quark condensate, mq/\"k ~0.2 Number density, mq/\"k ~0.2

| : T T
' : Five baryons in

o : a volume L . :
One. DALYon df..oivves i Df-eeeofin-blue) - -ONE.DALYOR. A0 oo i

: : a volume L/5
(in red) : : (in |red) :
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a volume L
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(Number density) / VA
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(Quark condensate) / VA, free theory subtracted
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Coherent states

e QCD admits an overcomplete “coherent state” basis |C) = U(C)|0)

|O> ___some state in
Hilbert space

U(C) = exp [Cr x I Uz_ 10, X exp {Cél) x N tr(W) + Cf) x N tr(E* X VAV)}

which becomes classical at large-N

- = —i[A, H]} Noge {&La(t(f) = —{a( ),H(C)}PB} with

e Effectively makes whole dynamics classical and :

diag (Hquantum) — mcin 'H(C)] and




Coherent states, cont’d

e Dominance of glue over fermions :

H(C) = Hgiue(Cy

%
O(N?)

e Step A: Minimize leading

Hglue(cg) = <Cg|Hglue‘Cg> — fix €y = Cy min

(D e (D e*#) = f(Comin)

e Step B: Minimize sub-leading

7_(F (Cg — Cg,mina CF) — <Cg,min|<CF‘HF|CF>‘Cg,min> — fix CF — CF,min

!

f(Cg,mina CF,min)




Results : quenched condensates
N=10,20,40 and b=0.6,6.0,10.0

O O
» o

O
N

>(quenched)/Z(p=0)

O
N




Results : try Zx average

Re-sum path integral




