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Introdu
tion, motivation
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• µ = 0 area is relevant for - the early Universe- high energy 
ollisions
• QCD transition at µ = 0 is found to be a 
rossover[Y. Aoki, GE, Z. Fodor, S.D. Katz, K.K. Szabó℄
• Di�erent observables give di�erent values for Tcnamely, Tc(χψ̄ψ) ≈ 151 MeV, Tc(χs) ≈ 175 MeV[Y. Aoki, Z. Fodor, S.D. Katz, K.K. Szabó℄



The role of the 
urvature
• Explore the µ 6= 0 region of the phase diagram
• At µ 6= 0 the fermion determinant is 
omplex

→ importan
e sampling not possible
• Use Taylor-expansion in µ, around µ = 0�rst term vanishesse
ond term given by the 
urvature (κ)
• Aims:determine the 
urvature for di�erent observables

χψ̄ψ, ψ̄ψ; and for L, χs
• Comparison: NT = 4 and 6 results; the 
urvatureis in the range of κ = 0.003 . . .0.01[Bielefeld-Swansea; Philipsen, de For
rand; D'Elia, Lombardo; Fodor, Katz℄



S
enarios

• Does the 
rossover region shrink or expand?
• The 
urvature 
an a�e
t the existen
e of the
riti
al endpoint
• Estimation: if µcrit = 360 MeV → ∆κ ≈ 0.02

• µ ≡ µB



Curvature determination I.
• Equation of transition line is Tc(µ) = Tc

(

1 − κµ
2

T2
c

)

→ κ = −Tc
dTc(µ)dµ2
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• Determination of κ demonstrated on χs/T2 ≡ Φ

• Pro
edure #1: shape of
Φ may get distorted at�nite µ

• Tc de�ned as in�e
tionpoint of Φ

→ dTcdµ2 = Tc(∆µ2)−Tc(0)
∆µ2

• Computation very expensive



Curvature determination II.
• Pro
edure #2: suppose shape of Φ un
hanged
• Let us de�ne Tc as Φ(Tc) = 0.5

• For Φ(T, µ2): dΦ = ∂Φ
∂T · dT + ∂Φ

∂µ2 · dµ2

• along the Tc(µ) linedΦ = 0 by de�nition
→ dTcdµ2 = −

(

∂Φ
∂µ2

) / (

∂Φ
∂T

)

• This method is mu
h 
heaper in CPU-time
• For ∂Φ

∂µ2 we need to measure new operators



Required operators
• Consider Z =

∫

DUe−Sg(U) detMNf/4

• ∂ logZ
∂µu,d

= 〈nu,d〉; ∂2 logZ
∂µ2

u,d
= 〈χu,d〉

nu,d =
Nf
4 Tr (

M−1M ′
) and

χu,d = n2
u,d +

Nf
4 Tr (

M−1M ′′ −M−1M ′M−1M ′
)(′ ≡ ∂

∂µu,d
)

• Observables O that don't depend on µu,d (L, χs):
∂〈O〉

∂(µ2
u,d)

= 1
2
∂2〈O〉

∂µ2
u,d

= 〈Oχu,d〉 − 〈O〉〈χu,d〉

• Observables O that depend on µu,d (ψ̄ψ, χψ̄ψ):
∂〈O〉

∂(µ2
u,d)

= 1
2
∂2〈O〉

∂µ2
u,d

= 〈Oχu,d〉 − 〈O〉〈χu,d〉 + 〈2O′nu,d + O′′〉



Simulation details
• Symanzik improved gauge and stout-link improvedstaggered fermioni
 latti
e a
tion
• Physi
al masses for mu,d and for ms

• LCP determined by �xing mK/fK and mK/mπ

• S
ale set by fK
• Latti
e spa
ings used: NT = 4,6,8,10(a ≈ 0.3 . . .0.12fm)
• with aspe
t ratios NS/NT = 4 and 3

• Measurements 
arried out with 80 random ve
tors(measurements and 
on�g. produ
tion balan
ed)
• Derivatives O′ and O′′ 
al
ulated numeri
allyusing a purely imaginary 
hemi
al potential



Observables I.
• Polyakov loop L = 1

N3
S

∑x Tr NT − 1
∏t=0 U4(x, t)renormalization: Lr = L exp(V (r0)/2T)

• Strange sus
eptibility χs = T
V
∂2 logZ
∂µ2

sno renormalization ne
essary
• Chiral 
ondensate ψ̄ψ = T

V
∂ logZ
∂mrenormalization: ψ̄ψr = (ψ̄ψ − ψ̄ψ(T = 0)) ·m · 1

m4
π

• Chiral sus
eptibility χψ̄ψ = T
V
∂2 logZ
∂m2renormalization: χψ̄ψr = (χψ̄ψ − χψ̄ψ(T = 0)) ·m2 · 1

T4



Observables II.



Results using pro
edure #1

• Φ(∆µ2) = Φ(0) + ∂Φ
∂µ2 · ∆µ2

• In�e
tion point of 
urves 
orresponding to various
µ values



Results using pro
edure #2

• Using pro
edure #2, κ 
an be 
al
ulated atarbitrary T
• Independent measurements at di�erent β values
• Constant behaviour → this pro
edure also reliable!



Continuum results

• Continuum extrapolated results from NT = 6,8and 10; using both pro
edures
• Polyakov loop result 
onsistent with χs/T2

• Sin
e pro
edure #2 
an really be trusted,let's 
ontinue with those results



Preliminary results

• Di�eren
e ∆κ ≡ κ(χs/T2) − κ(ψ̄ψr) not 
onsistentwith zero
• Indi
ates the strengthening of the transition
• Hint for existen
e / lo
ation of 
riti
al endpoint



Summary
• Two di�erent pro
edures to determine the
urvature
• In prin
iple, pro
edure #1 is to be favoured to

#2, but latter turns out to be also reliable
• In leading order in µ2, transition 
urves of ψ̄ψrand χs/T2 
onverge to ea
h other
• Hint for 
riti
al endpoint
• Third observable? Higher orders?


