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e Introduction: What do we want
What are we up against

e New: Ensembles with re?’ = det(D + uyy + m) fixed
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Matter antimatter asymmetry (1 #£ 0)

ng, >0
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Matter antimatter asymmetry (1 #£ 0)

ng, >0

Here: Fact which we adopt into QCD

Grand canonical approach: Fix y determine n

1

Ng —
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How to include p in Z

1S conjugate variable to n,

ung = 1(q'q) = 1{gv0q)

Lqcp = q(Dyyy + o +m)q + Gluons

Hasenfratz, Karsch, PLB 125 (1983) 308
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How to include p in Z

1S conjugate variable to n,

ung = 1(q'q) = 1{gv0q)

Lqcp = q(Dyyy + o +m)q + Gluons
[ enters as the Oth component of the gauge field

['Lattice QCD — -.-- + eaMQx’YOUm,x+Oqgc+O - e_augx+670U;,x+6qgc + ...

Hasenfratz, Karsch, PLB 125 (1983) 308
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How to include p in Z

1S conjugate variable to n,

ung = 1(q'q) = 1{gv0q)

Lqcp = q(Dyyy + o +m)q + Gluons
[ enters as the Oth component of the gauge field

['Lattice QCD — -.-- + eaMQx’YOUx,x+Oqgc+O - e_augx+670U;r,x+OQx + ...

Works fi ne for free quarks

=

Hasenfratz, Karsch, PLB 125 (1983) 308
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The sign problem

141 = /dA det*(D + pryo 4+ m) e~ oYM

Antl Hermitian Hermitian

det*(D + pryo +m) = |det(D + pryo + m)|*e*

The measure is not real and positive
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The sign problem

141 = /dA det*(D + pryo 4+ m) e~ oYM

Antl Hermitian Hermitian

det*(D + pryo +m) = |det(D + pryo + m)|*e*

The measure is not real and positive

No Monte Carlo sampling of A, at u # 0
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What are we up against ?
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1

Drop the phase
[det(D + pyo +m)|? = det(D + pyo +m) det(D — uyo +m)

1 becomes an isospin chemical potential

L Alford Kapustin Wilczek PRD 59 (1999) 054502
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1

Drop the phase
[det(D + pyo +m)|? = det(D + pyo +m) det(D — uyo +m)

1 becomes an isospin chemical potential

Average phase factor

(2%, 1. = Zipi(pp =p) o~ VAQ
Zyi1-(pr = )

L Alford Kapustin Wilczek PRD 59 (1999) 054502
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Average phase factor on the Ilattice

Allton+... Phys.Rev. D71 (2005) 054508
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Pions have baryon charge zero

- so how can CPT teach us about yg ?
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Certainly

1
(ng) = v oulog Zepr =0
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Average phase factor in Chiral Perturbation Theory 1

. 7 _
<62@«9>1+1* _ 1+1(:LLB :u) _ G—VAQ
Zi1+(pr = )
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Average phase factor in Chiral Perturbation Theory 1

. 7 _
<62@«9>1+1* _ 1+1(:LLB :u) _ G—VAQ
211+ (pr = p)

AQ) = AGy

AGy Is the difference between charged and neutral pions
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Average phase factor in Chiral Perturbation Theory 1

. 7 _
<62@«9>1+1* _ 1+1(:LLB :u) _ G—VAQ
211+ (pr = p)

AQ) = AGy

AGy Is the difference between charged and neutral pions

m72TT2 o0 K2(m77:n) Z,un
> 5 [COSh(T) - 1]

AGy =

s n

n=1
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Average phase factor in Chiral Perturbation Theory 1

. 7 _
<62@«9>1+1* _ 1+1(MB :u) _ G—VAQ
211+ (pr = p)

AQ) = AGy

AGy Is the difference between charged and neutral pions

m72TT2 o0 K2(m77:n) Z,un
> 5 [COSh(T) - 1]

n=1

AGy =

s n

AG is independent of the cutoff

Splittorff Svetitsky PRD 75 (2007) 114504
I Conradi D’Elia PRD 76 (2007) 074501
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Average phase factor on the Ilattice
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Average phase factor on the Ilattice

L Allton+..

. Phys.Rev. D71 (2005) 054508
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How come exp(—VAQ) ~ 1when V = 16° x 4 1
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How come exp(—VAQ) ~ 1when V = 16° x 4 1

Counting in CPT (p-regime)

1
mﬂ.f‘\JILLNTN—NE

L
VAQ ~ Vm2T? ~ 1

Sign problem (e??){ 1. ~ 1 wWhen V — oo
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How come exp(—VAQ) ~ 1when V = 16° x 4 1

Counting in CPT (p-regime)

1
mﬂ.f‘\JILLNTNZNE

VAQ ~ Vm2T? ~ 1

Sign problem (e??){ 1. ~ 1 wWhen V — oo

Assumption: No Bose condensation of pions !

=
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How come exp(—VAQ) ~ 1when V = 16° x 4 1

Counting in CPT (p-regime)

1
mﬂ.f‘\JILLNTNZNE

VAQ ~ Vm2T? ~ 1
Sign problem (e??){ 1. ~ 1 wWhen V — oo
Assumption: No Bose condensation of pions !

< mg/2 forT =0

=
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Average phase factor in Chiral Perturbation Theory 1

Bose condensed phase (1 > m,/2)

(2%, 1. = Zip(pp =p) o~ VAQ
Zyi1-(pr = )
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Average phase factor in Chiral Perturbation Theory 1

Bose condensed phase (1 > m,/2)

(2%, 1. = Zip(pp =p) o~ VAQ
Zyi1-(pr = )

The free energies are different at mean fi eld level
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Average phase factor in Chiral Perturbation Theory 1

Bose condensed phase (1 > m,/2)

(2%, 1. = Zip(pp =p) o~ VAQ
Zyi1-(pr = )

The free energies are different at mean fi eld level

>2m?

22 7

AQ = 2% F?* + — 4m>

L p-counting = VAQ ~ L2
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Conclude: m. /2 relevant for the sign problem “1

Si1gn problem acute
even with p—counting
\

m.{2 m,/3 H

NOT a phase transition
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2 final points:
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INs=2 = /dA det*(D + pyg +m) e oM™

Antl Hermitian Hermitian
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—-_-~

Quark rﬁass
inside eigenvalues

A —
mN/S H

NOT a phase transition

Gibbs PRINT-86-0389
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Bosonic quarks = average inverse determinants 1

7 B 1
M= 7\ det(D + pyo +m)

Bergere arXiv:hep-th/0404126
Akemann, Pottier, J.Phys. A37 (2004) 453

Splittorff, Verbaarschot Nucl.Phys. B757 (2006) 259
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Bosonic quarks = average inverse determinants 1

7 B 1
M= 7\ det(D + pyo +m)

SURPRISE: phase transition at 1 = m /2

1.25 :

Bergere arXiv:hep-th/0404126
I Akemann, Pottier, J.Phys. A37 (2004) 453

Splittorff, Verbaarschot Nucl.Phys. B757 (2006) 259
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Bosonic quarks = average inverse determinants 1

7 B 1
M= 7\ det(D + pyo +m)

In o-model: Because of convergence requirements

< det(D + puyo +m)* >
ZNf:—l —
D
det € + puyo +m
(D + pyo +m)* €

Feinberg Zee NPB 504 (1997) 578
I Splittorff, Verbaarschot NPB 757 (2006) 259

Splittorff, Verbaarschot, Zirnbauer NPB 803 (2008) 381
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Bosonic quarks = average inverse determinants 1

1
LNi=—1=
! <det(D+/wO +m)>
In o-model: Because of convergence requirements

det(D + puyo +m)*

ZN _1=< >
f
D
det( ( € +mo+m>

D + pryo +m)* €

At Mean Field level in o-model:

1 (det™)
det (det det™)
Feinberg Zee NPB 504 (1997) 578

I Splittorff, Verbaarschot NPB 757 (2006) 259
Splittorff, Verbaarschot, Zirnbauer NPB 803 (2008) 381
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End Intro
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e What: Ensembles with re?? = det(D + o + m) fixed
e Why: Understand how Z, n,, (¢) build up as [ drdd

e How: Analytically in Chiral Perturbation Theory
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Fixing 6
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Quark rﬁass

Here first NS eage‘nv Ues
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The delta function & the moments 1

1

1+1

<(5(29 — 2(9/)>1_|_1 —

/dA 5(20 — 20")det?*(D+pyg+m)e "M
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The delta function & the moments 1

1
<5(29 o 29/)>1—|—1 = " /dA (5(29 — 29/)d6t2(D—|—MWo—|—m)6_SYM
+
1 = ,
5 29 — 2(9/ — — Zp(—29—|—20)
( ) Wp;w e
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The delta function & the moments 1

1
<5(29 _ 29/)>1—|—1 = " /dA (5(29 — 29/)d6t2(D—|—MWo—|—m)6_SYM
+
1 o ,
5 29 — 2(9/ — — Zp(—29—|—20)
( ) Wp;w e

1 | -
(6(20 =20 )11 == Y e 2Py

s i
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The moments of the phase factor

e )IN; =
/ det”(D — pyo +m) / ,

IS a ratio of two partition functions

Phase transition at ;. = m, /2

_/
~
( 2ip9’> _ LN+l _ _-VAQ,
€ N; = 7 — €
Ny
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In CPT at 1-loop

Number of charged pions

H

2ip6)’ —p(Ns+p)VAG
(2P >Nf:€p(fp) 0

AGy Is the difference between charged and neutral pions
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In CPT at 1-loop

Number of charged pions

ﬁ/

2ip6)’ —p(Ns+p)VAG
(2P >Nf:€p(fp) 0

AGy Is the difference between charged and neutral pions

T2 n?

m2T? O~ Kao(™2) 20n
AGy = Z [cosh(T) — 1]

n=1
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The §-distribution from CPT 1

1 —2i ipt)’
(020 = 20041 ==y e )i

p=—0c
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The §-distribution from CPT 1

O

1

(6(20 — 20"))141 = - Z e~ 2ip0 (2P0, |
p=—00

(520 - 20141 = = S e 20 VA
T
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The §-distribution from CPT 1

O

1

(6(20 — 20"))141 = - Z e~ 2P0 ( 2P0y,
p=—00

(520 - 20141 = = S e 20 VA
T

Prediction: Gaussian folded onto |—= : 7] x phase

n=——oo

(5(20 — 20')) 141 =

=
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The O0-distribution from the lattice 1

400
Gaussian fi ts
00 — ',' \ —
200 u/T=1.0 |
100 — B /T=2.0 _
0 ....,1......m|||||‘|| \ HIHIMH...;F...

220 .10 20
0= (Nf/4)Im[ln(det |V|)]

CPT = width vV AG,

Ejiri PRD 77 (2008) 014508
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The distribution of n, with 6 -

(140(0 = 0))141

1 d
tim L [ 04.5(0  0u)der®(D + ing + m)e
Z141 i—p dp
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The distribution of n, with 6 -

(140(0 = 0))141

1 d
tim L [ 0450 0u)der®(D + ing + m)e
Z141 i—p dp

For 6 € |—oe 0]

00 ' p/2
5(9 L el(lu)) — i/ dp 6—@p9det (D —|_ ILLWO —|_ m)
21 J — det??(D — pyo + m)

OCD with fixed complex fermion determinant — p.29/54



The distribution of n, with 6 from CPT -

<nq5(‘9 — ‘9/)>1+1

= [lim iAGO(—,u f)(1 4+ / ) o e2i0 =07/ AGo
o [ dﬁ ’ AGQ \/WAG()
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The distribution of n, with 6 from CPT -

(nq0(0 — 9/)>1+1

= [lim iAGO(—M (1 + i 0 ) . eziee—HQ/AGo
o [ dﬁ ’ AGQ \/WAG()
Certainly

(nghi+1 = /_OO df (ng6(0 —0'))141 =0
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The distribution of n, with 6 from CPT -

(nq0(0 — 9/)>1+1

= [lim iAGO(—M (1 + i 0 ) . 627;96—92/AG0
o [ dﬁ ’ AGQ \/WAG()
Certainly

(nghi+1 = /_OO df (ng6(0 —0'))141 =0

Integration range: 0,4, > AGy to get (ng)141 — 0

=
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The O0-distribution from the lattice 1

400 |
n, sensitive to |0 > AGy
00 — Ak —
o\ u/T=1.0 |
100 M /T=2.0 _
0 ol ||I||M||||”|| \ H””“HIMIH..

L
6 (Nf/4)Im[1n(det I\/I)]

CPT = width VAGy

Ejiri PRD 77 (2008) 014508
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The distribution of % with 6 from CPT -

(V16(0 — 0')) 141

- . dAGy(m,m) .0 eRrGo o
— 0 ] O\"7% 1 ) 2i0 _—602/AGy
(<¢¢>1+1 I e (O N ) B el
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The distribution of % with 6 from CPT -

(V80 — 0'))141
- (<w>?ﬂ + [lim

m—mm

Certainly

()41 = / T A0S0 — 0))ran = (D)0,
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The distribution of % with 6 from CPT -

(

AG
)> € " 2i0,—6%/AG,

AG,’ ) JanGg

(D) 151 = / A0(D5(6 — ') 141 = (D)0,

Integration range: 6,,.,. > AGy necessary
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The O0-distribution from the lattice 1

400

ng & <QL¢>

sensitive to 0] >,

100

| g

(7

&

Lo .||1|I||||“M|ﬂ||”
-20 10

u/T=1.0

N W /T=2.0

\

)
’ Hm”llllnl.n... A
10

20

I

|
0=(N/4)Im[In(det M)]

CPT = width VAGy

Ejiri PRD 77 (2008) 014508
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ark rﬁass

Now here inside eigenvalues
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The moments of the phase factor

e )IN; =
/ det”(D — pyo +m) / ,

IS a ratio of two partition functions

Phase transition at ;. = m, /2

_/
~
( 2ip9’> _ LN+l _ _-VAQ,
€ N; = 7 — €
Ny
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In CPT at mean field level

Bosonic mean fi eld rules

2ip0’ —(|lp+Ny/2|—Ny /2)VAQ
(2PN = e (Ip+Nys/2|=Ny/2)

AQ is the difference between the mean fi eld terms
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In CPT at mean field level

Bosonic mean fi eld rules

2ip0’ —(|lp+Ny/2|—Ny /2)VAQ
(2PN = e (Ip+Nys/2|=Ny/2)

AQ is the difference between the mean fi eld terms

>2m?2

AQ = 2u°F?
s i 212 F'?

— 4m>.

L Lombardo Splittorff Verbaarschot
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The 6-distribution (1 > m,/2)

O

1 . o
(5(20 — 26")) = - e
p=—00
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The 6-distribution (1 > m,/2)

O

1 . o
(5(20 — 26")) = - e
p=—00

Lorentzian (on |—7 : 7])

VA« sinh(VAQ)

5(20 — 26))141 = €207
0 )i+t =€ 2 cosh(VAQ) — cos(20)
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The 6-distribution (1 > m,/2)

O

1 . o
(5(20 — 26")) = - e
p=—00

Lorentzian (on |—7 : 7])

eV Al inh(VAQ)
6(20 — 20’ — 2i0° -
0 )i+t =€ 2 cosh(VAQ) — cos(20)

Central limit theorem fails!

OCD with fixed complex fermion determ

inant — n.37/54
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NOT a phase transition
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NOT a phase transition



Fixing | det(D + uyo + m)]
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Fixing |F| =

| det(D+pyo+m)|

det(D+m)

CD with fixed complex ferm

ion determinant — p.40/54



Quark rﬁass

Here only inside eigenvalues
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The |F| distribution -

_ | det(D + pyo +m)

F/
7 det(D + m)

The §-function

<mm—mwm=/w@

oo 2T

FIP(E) P
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The |F| distribution -

o 1det(D + g +m)

F
| det(D + m)

The §-function

<mm—mwm=/w@

oo 2T

FIP(E) P

Compute all moments of |F| in CPT
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The |F| = |det(D + uyo +m)|/ det(D + m)| distribution in CPT 1
w<meq/2

A2
exp|— % A_1 _log?|F|
O] = [F[ )41 = [TBB] FI2571e 5

Where
A = VAGO(;L)—QVAGO(g)

B = VAGO(;L)—M/AGO(g)
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The |F| = |det(D + uyo +m)|/ det(D + m)| distribution in CPT 1
w<meq/2

(o]
T

SN
T

<O(|F|=IFI")>1.,
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The distribution of n, with | F| (A~V) -

(ngS(1F| = 1F))101 ~ (A—log |FI){S(IF| = [FI'))141

10
%5
A
Ty
1
LL
Iom 0
c
V
_5 | L | L
0 1 2 3 4 5
|F|/exp(A)
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The distribution of n, with | F| (A~V) -

(ngS(1F| = 1F))101 ~ (A—log |FI){S(IF| = [FI'))141

10
15

A

iy

1

L

Z .

v

0 1 2 3 4 5
[Fl/exp(A)
L. Certainly (ng)111 =0
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Fixing 6 and |F| =

__ | det(D+p~yo+m)|

det(D+m)

CD with fixed complex ferm

ion determinant — p.46/54



1-loop CPT pu < my/2

-l
No correlations between |F| and e’ from 's
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1-loop CPT pu < my/2

-l
No correlations between |F| and e’ from 's

G(F| = |F1)8(8 — 8101 = (5(IF| = |F))151(6(8 — )11
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1-loop CPT pu < my/2

-l
No correlations between |F| and e’ from 's

(ngd(|F| = |F)6(0 — 6'))141
= (ngd(|F| = |F|"))141(6(6 — 0"))141
HOF| = |F"))111(ngd (0 — 6")) 111
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1-loop CPT p < my /2

-l
No correlations between |F| and e’ from 's

(ngd(|F| = |F)6(0 — 6'))141
= (ngd(|F| = |F|"))141(6(6 — 0"))141
HOF| = |F"))111(ngd (0 — 6")) 111

ng is sensitive to § ~ V and log | F'| ~ V
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Conclusions 1

Interplay between lattice QCD and analytic QCD is
essential to understand QCD at i # 0
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Conclusions 1

Interplay between lattice QCD and analytic QCD is
essential to understand QCD at i # 0

Here:
Fixed 6 and | F|
Studied how (n,) becomes zero
Studied cancellations leading to (1))
Directly linked to method of Ejiri

Break down of central limit theorem (Lorentzian)
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Additional slides
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Lattice measurement of endpoint 1

0.8 -

T/T,

0.6 -

04 -

0.2 -

15 2

1
2u/m_

Fodor Katz JHEP 0203:014,2002; JHEP 0404:050,2004
Splittorff, hep-lat/0505001, PoS LAT2006:023,2006

Philipsen 0710.1217
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Quark mass & the eigenvalue distribution -

0.3

m® < My / 2
0.2 |
0.1}
0f | X
. quark mass
0.1} g i
~ outside
02 | R
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Quark mass & the eigenvalue distribution
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For 21 > m., the density is complex and oscillates
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The chiral condensate from the eigenvalue density

([0)m) = -0 log Z(m; 1)

1 1
= v / dzdy p(z,y)

r+1y+m

The oscillations of the density are
responsible for chiral symmetry breaking
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