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Lattice gauge theory and the
continuum limit



Lattice gauge theory

Yang-Mills action Wilson action

discretization
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The continuum Iimit

| _ 1. Infinite volume L — oo (thermodynamic limit)
Extrapolate lattice spacing a — 0

2. Vanishing gauge coupling g = 0 (f — o)
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The continuum Iimit

Extrapolate lattice spacing a — 0
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The continuum Iimit

Critical slowing down
Autocorrelation time (ACT) grows

with small lattice spacing a

DESY 10-151
SFB/CPP-10-81
HU-EP-10/55
Critical slowing down and error analysis in lattice QCD
simulations
ALPHA

Collaboration

Stefan Schaefer®, Rainer Sommer®, Francesco Virotta®

ACF for topological charge 07

Accurate simulations on coarse lattices?
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Renormalization group transformation
and fixed-point (FP) actions



Renormalization group transformation

Introduce (coordinate space) renormalization group transformation (RGT):

<4——— continuum limit (2nd order phase transition £/a — ©0)

N N
[ S ¢
K \
N
\ \
RGT . RGT @ RGT @ RGT

= provides solution for avoiding critical slowing down and lattice artefacts
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Renormalization group transformation

Introduce (coordinate space) renormalization group transformation ( ):
exp{—f'AV]} = J@Uexp {—,B (LIU1+ T[U, V]) }

where & |U, V] is a blocking kernel relating the fine links U to the coarse links V

fine links U, ,

K
ZUATESSDY {ReTr <va,” Q;B,M> _ /Vﬁ}

¢ v coarse links V.,

(/Vﬁ is a normalization factor guaranteeing Z(f’) = Z(f), i.e., unchanged long-distance physics)
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Renormalization group transformation

The effective action /'%/'| V| is described by infinitely many couplings { ¢, }:

Co
Ela = o0

fixed FP action

pomt
1C1,Coy --- )
/ 1

p

= fixed point (FP) of RGT iterations (when £/a — oo): (¢} \/ exl



Renormalization group transformation

The effective action /'%/'| V| is described by infinitely many couplings { ¢, }:

Ela = oo

fixed = — FP action

point ~ A"~ Two practical problems:

exp {—p'd'[V]} = J@Uexp {—ﬁ ([U1+ T U, V1) }

1C1,Cry v}

| - how to parametrize RT, i.e., which set {c | ?

1 » how to determine {c.'} or {c"}?

P. Hasenfratz, F. Niedermayer [Nucl. Phys. B414 (1994) 785, hep-lat/9308004]
for f — oo (on critical surface) the becomes a classical saddle point problem:

"™P[V] = min (™ [U] + T (U, V])
U
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The classically-perfect FP action

**[V] = min (™ [U] + T[U, V])
U

- There are no lattice artefacts on classical - For large /, A F[V]is very close to /X[ V]
configurations (perfect action):

= |lattice artefacts expected to be sub-
FP FP
o "1V] -0 = od U] — 0 stantially reduceaq:

oV olU U~

O™, O0(g%a”) n=12,...
Q[FP[V] — Q[FP[U*]

= o/** has scale-invariant instanton solutions
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The classically-perfect FP action

M
AP[U] = Ni D> D D pReTr(l - U, )"

s R

Solve FP equation numerically: AYPIV] ~ min (@igfl’ad[U] + J[U, V])
U

A, [V] = min (P U1+ 10, V1)



The classically-perfect FP action

Selection of previous parametrizations for SU(3) gauge theory

 Quadratic, Type l, Type Il  [DeGrand, Hasenfratz, Hasenfratz, Niedermayer (1995)]
« Type llla, llib, lllc [Blatter, Niedermayer (1996)]
 FP with APE-smearing [Niedermayer, Rifenacht, Wenger (2000)]

APE 444 (for smooth fields)

number of parameters < ©O(100)
APE 431 (for coarse fields)

* Anisotropic FP [Rufenacht, Wenger (2001)]

e L-CNN FP [Ipp, Holland, Muller, Wenger (2023)]
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Learning a new FP action



Generating FP training data

Selection of coarse configurations

200 on 4%, 6%, 8* with 8 € [5,100] (Wilson HMC)

ol
For each coarse V. , configuration i
Y 3'56
\
numerically minimize w.rt. U, , s
*
FP — M FP T =
it [V]=min (o,[U]+ T[U, V] <l

¥
¢ | . 1 , , -
U C\é 0 50 100 150 200 250
®

=, ,[U 1+ T[U*, V]

| | | |
0 50 100 150 200 250
iteration

d .
D¢l 4. [V1= D¢ TU*, V] Note: D¢ A U] := Eﬂ[eﬂ U, o=
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Machine-learned FP action

Architecture: Lattice gauge equivariant Convolutional Neural Network (L-CNN)
[Favoni, Ipp, Miiller, Schuh, PRL 128 (2022) 3, 2012.12901]
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Machine-learned FP action

Architecture: Lattice gauge equivariant Convolutional Neural Network (L-CNN)
[Favoni, Ipp, Miiller, Schuh, PRL 128 (2022) 3, 2012.12901]

“Universal approximator” for gauge invariant functions on the lattice

L-Conv
T T
L-Act, L-E (CL) 4 D (b) T ¢ (C)
- - v 4
Plaq, Poly » (U, W) A1 O THEP e —
1 < /’_\\\\ A
/ AP Trace 1 — 1 X
|~ o /\ A 4
] CNN
L~
gauge links N""/:o//: \
(input) ﬂ::// :/ predictions
| //: P (output)
L~
i~

L-Bilin

gauge inv. output

ON THE STRUCTURE OF GAUGE INVARIANT CLASSICAL OBSERVABLES
IN LATTICE GAUGE THEORIES

B. DURHUUS
Nordita, Blegdamsvej 17, DK-2100 Copenhagen (), Denmark (1 980)
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Machine-learned FP action

FP action parameterised by

A-CNN[] = Zﬂpfe[U] ZW N[U] - N,[1])"

local output of L-CNN

AU = 2 Zp(m)[ReTr(l ~ U, )™ e9: Wilson, Symanzik

a sum of more general loops
C C m=1

with “prefactor” action

In practice we use:

A" "NN[U] = ) AP [U] exp (N,[U] - N,[1])
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Machine-learned FP action

Loss function from two weighted contributions:

N
1 c/g
FP ~ ~7L—CNN

L, = L4Nfg Y |V - o [Vi]‘

=1

cfg 2
L=——r— > ¥ T|(DEVI - DLWy
32L Ncg =1 o
- d ..

— WlLl + W2L2 [U] — Ta_ﬂ[elg U ]‘g:O

de

Technical point:
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Machine-learned FP action

Architecture search

~»

layers kernel sizes channels parameters
1 4 9.61K
1 2 8 170K
2 16 340K
1,1 4, 8 10.3K
2 2,1 8, 16 174K
2, 2 16, 12 454K
2, 1, - 4,4, 8 85.8K
9 2, 2, - 8, 8, 16 194K
2, 2, - 12, 24, 24 443K
2, 2, - 16, 16, 32 527K
2, 1, - 8, 8, 16, 32 212K
4 2, 2, . 16, 16, 16, 32 544K
2, 2 16, 24, 24, 32 1.15M

U

gauge links
(input)

Plaq, Poly » (U, W) 1L
. :‘::\
e} P21
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14¥-F
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L-Bilin

L-Act, L-Exp
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predictions
(output)

400 - 1000 training epochs on 4*

five random initializations
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Machine-learned FP action

Architecture search

relative action error [%]

derivative error
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Machine-learned FP action

relative action error [%]
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= beats all previous parametrizations

= works on fine and coarse configurations

24



HMC and FP gradient flow




Hybrid Monte Carlo (HMC)

Euclidean lattice path integral for observables ©

1 J@U@[U} exp| — fA[U]]

Z(p) = J[H@UW] exp [—-pd|U]| (0)5 = 75
AU

J@UQ—S[U] . J@UJ@Pe_%Pz_S[U] _ [@UJ@PQ—H[P,U]

Hamiltonian Hamiltonian EOM
H[P,U] = ) TiP, P, ]|+ pd[U] P, (t)=BD, AU®
U, () =—iP, (0 U, )

(Again:

X,MU,d



Hybrid Monte Carlo (HMC)

Euclidean lattice path integral for observables ©

Z(p) =J HSZ . exp |- U]] (O) 4=

HMC algorithm

1. Pick random momenta £, , ~ GXP(_TrPJ%,ﬂ)

2. Solve Hamiltonian EOM from t = 0 to 7 (LF/
3. Metropolis accept-reject AH = H(t) — H(O) ~ O

4. Repeat
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Z(p)

J@U@[U} exp| — fA[U]]

Leapfrog
Omelyan 4th [x 100]
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Classically-perfect FP gradient flow

Ensemble generation Luschers flow scale /7, =~ 0.167 fm
Ux,,u ~ eXp(_ﬁﬂg[U]) 0.5

0.4

15 E(fy) = 0.3

Gradient flow
Ux,,u(l}”) R li,lu‘Q[f[ Ul Ux,ﬂ(l}f) = 037
&
0.2 1

Energy density
1
E(t) = F(‘de[U(l}‘)]>

0.1 -

FPflow of , =, =d,=dd"" {a?
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Classically-perfect FP gradient flow

Wuppertal scale wy, ~ 0.176 fm

Ensemble generation
Ux,,u ~ eXp(_ﬁﬂg[U])

Gradient flow
Ux,ﬂ(l}f) — lDX,//t‘Q[f[U] Ux,M(Z}C)

Energy density
1
E(t) = F(‘de[U(l}‘)]>

FPflow of , = =d,=d""
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Preliminary results



Ratio of gradient flow scales

LUschers flow time 7,

’E()| =c

[

¢

Wuppertal scale w..

ti[tzE(t)]
dt

= C
t=w?2

L-CNN FP shows scaling on very

small (coarse) lattices!
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. : X
Wilson action

X

A A

.,
— it X% /Nqor = 2.447/6

AA == continuum
FP 10* ,

4 FP 144

4 FP 164

7  Wilson MC, clover obs
94 Wilson MC, plaqg obs

0.0
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More flow time ratios

i | 1.3500
LUschers flow time 7,

1.3475 -

’E()| =c

1.3450 -
[

¢

1.3425 -

1.3400 -

1/t0.3

Dimensionless ratios ¢../t. -

to

1.3375 -

1.3350

1.3320 -

— it x? /Nqor = 5.505/6
= = continuum

H
e

FP 104
FP 144
FP 164

1.3300

0.0
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More flow time ratios

LUschers flow time 7,

1.660 4 — fit x*/ngor = 6.208/6
- = continuum
2 FP 104
— FP 14
t E(t) - ¢ i FP 164
[ 1.655 -

¢

1.6950 -
Dimensionless ratios ¢../t.

to.5/t0.3

1.645

1.640 -

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

2
. a”/tos



p-function

: : — fit X% /ngor = 6.829/6
Renormalized coupling 544 g2~ 1579 . continuum

through gradient flow FP 10
FP 144

i

FP 164

3
t°E(t) = 1 67z2g2(t)

Beta function

DN i 2
pg=(1) =t -8 (1)

Flow time £, 5 sets g° ~ 15.79 14.6 -

see e.g. Wong et al [2301.06611] 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

34 a2/t0.3



Universal flow trajectores

Rescale flow trajectories at different f with 7, 1(f)
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Conclusions and outlook

* Highly improved FP parametrization using L-CNNs

« HMC and gradient flow with FP action

 Gradient flow observables show correct scaling on coarse lattices

* Other observables (critical temperature, glueballs, ...)

e Simulations with a quantum perfect action
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RGT blocking kernel

JIU, V] =— N£Z {ReTr (VM(xB) - Q;f(xB)) — ,/Vﬁ}

Ap-H
” >
vy

smeared

X+ i
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Parametrization of the FP actions

Parametrization should be , but still as expressive as possible.
» Wilson plaquette variable: » Smeared plaquette
u,, = ReTr (1 — Ujj,ﬂ) w,, = ReTr (1 — ijﬁ)
from usual links U, U, from asymmetrically smeared links

- FPaction: APP[U1= Y flu,,w,) €G. fa,w)= Y pyun’
k.l

U<v
* Asymmetrically smeared links:
1 | 1
S (4) v) A U
0i=5 XU Q=g | T sPeaw 5| (14500 U,
AFu AFu,v
W =U,+c(x)- O +cx) - QVUIOY + ... x, = ReTr (Q/f- U;> ,

_ (0 1 2) 2 — -0 (), 2) . 42
n(x)—n()+r]()-x+n()-x + ... cl-(x)—cl. +c o x+o x4
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relative action error [%)]

Machine learning the FP action: Results

Restricted training ranges: Transfer learning:
3

® B.ucl57] relative error (test data)
2 - Bwil € |7, 20] O finetuned model 44 62 84
X Bui € [5,20] L 44 0.178 % 0.201 % 0.181 %
.! . 6 0.185 % 0.196 % 0.177 %
® g* 0.191 % 0.202 % 0.176 %

R R R-Rsnipl- — & — — — &+
derivative error (test data)

finetuned model 44 62 84
44 763 x 102 8.19x107% 8.22x10°
—2 - 6 7.39 x1072 7.93x1072% 7.96 x 1072
84 7.36 x 1072 791 x 1072 7.93x10°

_3 I I I I I I I I I

5.00 5.40 5.80 6.20 6.60 7.00 10.00 15.00 20.00
Bwil
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relative action error [%)]

Machine learning the FP action: Results

Restricted training ranges:

)
]

! Bwil c 57 7]
A Bwi €17,20]
X Bwi €[5,20]

I

5.00 5.40 5.80 6.20 6.60 7.00 10.00 15.00 20.00
ﬁwil

Finetuning on instantons:

1.1 -
1.0 = == e o o o o o o N R D o e o e e e ]
0.9
0.8 1
0.7 -
0.6 - —— [P
—3é&= APE431

057 —@®— L-CNN
0.4 - = 11Ic-4

| | | | |

0.6 0.8 1.0 1.2 1.4

instanton radius p/a

= new L-CNN parametrization is indeed very flexible and accurate
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Machine learning the FP action: Locality

Puv(7)/poo(0)

Locality of L-CNN trained FP action:

X p=v
O p#v
== exp(—3.137)

distance |r|/a

42

A 1
,OW(F) — ZD,%?(XJ)DSS(XJ)
N2 1

a,b

; 5°A
where DY(x,y) =
g ove 6Vb,

* couplings fall off exponentially,
as desired

* even on coarse configurations



Machine learning the FP action: Symmetries

Test of lattice symmetries:

translations: = AL'CNN[U(’Shift)] = AL'CNN[U | by construction

0.30

—@®— pred. error
I rotations

reflections

rotations: U— U = Uy

reflections: U — U’ = Uy,

a priori not present, but learned!

relative action error [%)

o o © o o o
5 = = b

S o w S &

| | | | |
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vRAM [GiB]

HMC performance

40
(H100) 100 === === e e e e ] 16 st traiact —>— 3090 RTX
.. | 16 steps per trajectory
(A100)80 + === == m e e e e e e e
301 length7 =3
o
o
S 925 -
©
(A40) 48 + === m e e @ 20 -
(7))
A100)40 === = e e e e e e e e e e e e ] yo)
( ) S 15 -
(&)
2
(3090) 24 ====—=mmmm e e ] 10 -
LA fit 9
—>&= measured »=
0 | 1 || | | | |
8 10 12 14 16 18 20 07 ! ' ' ' i f '
L f 8 9 10 11 12 13 14
L
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