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Hadron Forces

3
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μν
a + q̄γμ(i∂μ−gtaAa

μ)q−mq̄q

4-d Euclidean Lattice

L

a

Quarks on sites

Gluons on links

q(x)

Uμ(x, x + μ) = exp[−ia Aμ]

Huge integration variables
   for  lattice,  GB/config∼ 109−10 964 ∼ 50

Importance Sampling
Hybrid MC = MD + Metropolis

Continuum ＆Thermodynamic Limits

a → 0, L → ∞
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HAL QCD
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HAL QCD Method
Rebuild Potential
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N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007)

Nambu-Bethe-Salpeter (NBS) 
wave function

Nulcear Force
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HAL QCD Method
Link Experiments
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N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007) 
Aoki, S., Doi, T., Front. in Phys. 8, 307 (2020)

Hadron Interactions
Raffaele Del Grande | XQCD 2023

Femtoscopy
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HAL QCD Method
Rebuild Potential
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N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007)

Local Approx. 
Gradient Expansion

Nambu-Bethe-Salpeter (NBS) 
wave function

Nulcear Force
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New Perspective
Inverse Problem

8

NBS wave function Potential Function

minθℒ = ∑
k

∫ d3 r [(Ek − H0) ϕk(r) − ∫ d3 r′ Uθ(r, r′ )ϕk(r′ )]
2

Data(Observations) Physics Properties

Maximize Likelihood Estimation
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HAL QCD method
The equal-time Nambu-Bethe-Salpeter (NBS) 
wave function

9

ϕk(r)e−Wkt ≡ ⟨0 |N(x + r, t)N(x, t) |NN, Wk⟩

In the HAL QCD method, the NBS wave function is calculated from the 
non-local but energy independent potential, , asU(r)

(Ek − H0)ϕk(r) = ∫ d3 r′ U(r, r′ )ϕk(r′ ), Ek =
k2

2m
, H0 = −

∇2

2m
, m =

mN

2
.

Extract the potential U(r, r′ )

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007) 
Aoki, S., Doi, T., Front. in Phys. 8, 307 (2020)



In preparation within HAL QCD collaboration(Takumi Doi, Tetsuo Hatsuda, Yan Lyu)

Toy Model
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Toy Model
Separable Potential

11

U(r, r′ ) ≡ ων(r)ν(r′ ), ν(r) ≡ e−μr

The S-wave solution of the Schrodinger equation with this potential 
is given exactly by,

ϕ0
k (r) =

eiδ0(k)

kr
sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +

r(μ2 + k2)
2μ ) ,

where, 

k cot δ0(k) = −
1

4μ2 [2μ(μ2 − k2) −
3μ2 + k2

4μ3
(μ2 + k2)2 +

(μ2 + k2)4

8πmω ]
As a numerical example, we take μ = 1.0,ω = − 0.017μ4, m = 3.30μ, R = 2.5/μ

Aoki, S., Doi, T., Front. in Phys. 8, 307 (2020)



July 24th, ML meets LFT, Pre-LATTICE 2024 Workshop /42Lingxiao Wang(王凌霄)

Toy Model
Separable Potential

12

U(r, r′ ) ≡ ων(r)ν(r′ ), ν(r) ≡ e−μrϕ0
k (r) =

eiδ0(k)

kr [sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +
r (μ2 + k2)

2μ )]

❓

As a numerical example, we take , μ = 1.0 ω = − 0.017μ4, m = 3.30μ, R = 2.5/μ
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Naive-Parameterized

Two parameters

13

ϕ0
k (r) =

eiδ0(k)

kr [sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +
r (μ2 + k2)

2μ )]

Uθ(r, r′ ) = ω exp(−θ1r)exp(−θ2r′ )

A practical set-up for training, 
, .k = [0.01,1.0], Nk = 20 r = R

minθℒ = ∑
k

[(Ek − H0) ϕk(r = R) − ∫ 4πdr′ r′ Uθ(R, r′ )ϕk(r′ )]
2
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Neural Network
Partial Potential

14

ϕ0
k (r) =

eiδ0(k)

kr [sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +
r (μ2 + k2)

2μ )]

Uθ(r, r′ ) = ω exp(−μr)fθ(r′ ), VNN(r) ≡ fθ(r′ )

A practical set-up for training, 
, .k = [0.01,1.0], Nk = 10 r = R

minθℒ = ∑
k

[(Ek − H0) ϕk(r = R) − ∫ 4πdr′ r′ Uθ(R, r′ )ϕk(r′ )]
2
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Uθ(r, r′ ) = ω exp(−μr)fθ(r′ ), VNN(r) ≡ fθ(r′ )

minθℒ = ∑
k

[(Ek − H0) ϕk(r = R) − ∫ 4πdr′ r′ Uθ(R, r′ )ϕk(r′ )]
2

Neural Network
Partial Potential
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Neural Network 
Non-Local Potential

16

ϕ0
k (r) =

eiδ0(k)

kr [sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +
r (μ2 + k2)

2μ )]

A practical set-up for training, 
, 
.

k = [0.01,1.0], Nk = 10
r = [0.01,5R], Nr = 100

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2

Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )
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ϕ0
k (r) =

eiδ0(k)

kr [sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +
r (μ2 + k2)

2μ )]

A practical set-up for training, 
, 
.

k = [0.01,1.0], Nk = 10
r = [0.01,5R], Nr = 100

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2

Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )

Neural Network 
Non-Local Potential
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ϕ0
k (r) =

eiδ0(k)

kr [sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +
r (μ2 + k2)

2μ )]

A practical set-up for training, 
, 
.

k = [0.01,1.0], Nk = 10
r = [0.01,5R], Nr = 100

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2

Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )

Symmetricly Sharing Parameters

Adding Physics!

Neural Network 
Non-Local Potential
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Symmetricly Sharing Parameters

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2

Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )

Neural Network 
Non-Local Potential
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Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2

Neural Network 
Non-Local Potential
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Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2

Neural Network 
Non-Local Potential



July 24th, ML meets LFT, Pre-LATTICE 2024 Workshop /42Lingxiao Wang(王凌霄)

Neural Network 
Non-Local Potential: More Physics Priors

22

Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )

Symmetricly Sharing Parameters

+ Asymptotic Behaviour as Regulator

lim
r>R,r′ >R

U(r, r′ ) → 0

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2
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Uθ(r, r′ ) = ωfθ(r, r′ ), UNN(r, r′ ) ≡ fθ(r, r′ )

Symmetricly Sharing Parameters

+

Asymptotic Behaviour as Regulator

lim
r>R,r′ >R

U(r, r′ ) → 0

A practical set-up for training, , rj ∈ [4R, 5R], Nreg = 100 ℒreg =
Nreg

∑
i

Nreg

∑
j

(UNN(ri, rj) − 0)2

Neural Network 
Non-Local Potential: More Physics Priors

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − ∫ 4πd r′ r′ Uθ(r, r′ )ϕk(r′ )]
2
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Neural Network 
Non-Local Potential: More Physics Priors



In preparation within HAL QCD collaboration(Takumi Doi, Tetsuo Hatsuda, Yan Lyu)

Case study:  

ΩcccΩccc(1S0)
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Real World
Time-Dependent HAL QCD

26

N. Ishii, etc., Phys. Lett. B 712, 437 (2012)

Normalized NN correlation function

“Time-Dependent” Schrödinger-like Equation

R(t, ⃗r ) ≡ CNN( ⃗r, t)/(e−mNt)2

{ 1
4mN

∂2

∂t2
−

∂
∂t

− H0} R(t, ⃗r ) = ∫ d3r′ U( ⃗r, ⃗r′ )R(t, ⃗r′ )

Alleviate the Ground State Saturation
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Neural Networks
Time-Dependent HAL QCD

27

{ 1
4mN

∂2

∂t2
−

∂
∂t

− H0} R(t, ⃗r ) = ∫ d3r′ U( ⃗r, ⃗r′ )R(t, ⃗r′ )

minθℒ = ∑
t { 1

4mN
Rtt(t, r) − Rt(t, r) +

1
mN

Rr(t, r) − ∫ 4πr′ 
2dr′ Uθ(r, r′ )R(t, r′ )}

2

Maximize Likelihood Estimation

Rtt(t, r) ≡ ∂2
t R(t, r), Rt(t, r) ≡ ∂tR(t, r), Rr(t, r) ≡ ∇2R(t, r)
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Neural Networks
Time-Dependent HAL QCD

28

minθℒ = ∑
t { 1

4mN
Rtt(t, r) − Rt(t, r) +

1
mN

Rr(t, r) − ∫ 4πr′ 
2dr′ Uθ(r, r′ )R(t, r′ )}

2

!! ", "′

"′ "

+

Residual of 
Schrödinger Eq.

BP

% &, "

Uθ(r, r′ ) ≡ g( f(r) + f(r′ )) θi+1 → θi +
∂ℒ

∂Uθ(r, r′ )
∂Uθ(r, r′ )

∂θ
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Neural Networks
Case study: ΩcccΩccc(1S0)

29

Y. Lyu, etc., Phys. Rev. Lett. 127, 072003 (2021)

mN = 2.073,a−1 = 2333.0MeV

R′ t ≈
Rt+1 − Rt−1

2

R′ ′ t ≈ Rt+1 − 2Rt + Rt−1
U(r > 3fm, r′ > 3fm) → 0

Asymptotic Behaviour as Regulator
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Neural Networks
Case study: ΩcccΩccc(1S0)

30

Uθ(r > 3fm, r′ > 3fm) → 0

Asymptotic Behaviour as Regulator

R2 = Rt+1 − 2Rt + Rt−1, R1 = (Rt+1 − Rt−1)/2,Rr = ∇2 R(t, r)

ℒt = ∑
t { 1

4mN
R2(t, r) − R1(t, r) +

1
mN

Rr (t, r) − ∫ dr′ Uθ(r, r′ )R(t, r′ )}

∫ dr′ UNN(r, r′ )R(t, r′ ) ≈ ∑
r′ 

Δr′ Uθ(r, r′ )R(t, r′ )

ℒr =
rmax

∑
r=3fm

rmax

∑
r′ =3fm

Uθ(r, r′ )2

ℒ ≡ ℒt + λℒr

λ = 108
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Neural Networks
Case study: ΩcccΩccc(1S0)

31

Vθ(r) ≡
∑r′ Δr′ Uθ(r, r′ )R(t, r′ )

R(t, r)

Localized NN Potential

After 2000 epochs

t=26
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Neural Networks
Case study: ΩcccΩccc(1S0)

32

First time!  
Non-local Potential!
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Neural Networks
Case study: ΩcccΩccc(1S0)

33
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Phase Shifts
To be calculated…

34

Y. Lyu, etc., Phys. Rev. Lett. 127, 072003 (2021)

( k2

mN
−

∇2

mN ) ψk(r) = ∫
∞

0
Uθ(r, r′ )ψk(r′ )r′ 2 dr′ 

continuous function

K. Murakami will present @Lattice 2024, Aug 2, 2024, 12:55 PM

Non-local potential matters!

https://conference.ippp.dur.ac.uk/event/1265/contributions/7506/
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Summary
Advantages

• No need gaussian fitting after ! 

• Non-local potential! 

• k-independent 

35

Symmetricly Sharing Parameters

Asymptotic Behaviour as Regulator

lim
r>R,r′ >R

U(r, r′ ) → 0

+

!! ", "′

"′ "

+

Residual of 
Schrödinger Eq.

BP

% &, "
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Summary
Roadmap

• Rebuild Separable Potential 

• Neural Network Non-Local Potential ✔ 

• Exchange symmetry 

• Asympotoic behaviour 

• t-HAL QCD method 

• Omega-Omega(s-channel) ✔ 

• Non-local potential ✔ 

• Phase Shifts 💪  

• Next Steps 

• Full-t joint learning 

• More real cases 
(N-N, AV18 potential, elastic 
scattering…)

36

Symmetricly Sharing Parameters

Asymptotic Behaviour as Regulator

lim
r>R,r′ >R

U(r, r′ ) → 0

+



In preparation with Qianteng Zhu (SJTU/RIKEN-iTHEMS)

One More Thing
Diffusion Models for 2D U(1) Gauge Fields
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Diffusion Models

38

Stochastic Quantization

∂ϕ(x, τ)
∂τ

= −
δSE[ϕ]
δϕ(x, τ)

+η(x, τ)
dϕ
dt

= − σ2ts ̂θ(ϕ, t)+σtη̄(t)

SQ DM

L. Wang, G. Aarts, and K. Zhou, JHEP 05(2024)060 

Gert will present @Lattice 2024, Jul 29, 2024, 2:55 PM

https://doi.org/10.1007/JHEP05(2024)060
https://conference.ippp.dur.ac.uk/event/1265/contributions/7574/
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Diffusion Models

39

Physics-Conditioned

∂ϕ(x, τ)
∂τ

= −
δSE[ϕ]
δϕ(x, τ)

+η(x, τ)
dϕ
dt

= − σ2ts ̂θ(ϕ, t)+σtη̄(t)

!~#(!, &!)!~#!(!) !~#(!, &")

−"#"$

−%!%"
"#
"$

Score FucntionDrift Term

S = β∑
□

(1 − Re(U□)) s̃ ̂θ(ϕ, t) ≡ βs ̂θ(ϕ, t)
e.g.,
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Gauge Field

40

2D U(1)

S = β∑
□

(1 − Re(U□)) U□ = Ux,μUx+ ̂μ,νU†
x+ ̂ν,μU†

x,ν

plaquette

Learned at  with 10,240 cofigurations, L = 16

Generated 1024 configs for testing

β = 1Q =
1

2π ∑
x

F01(x) W(C ) = Tr ∏
(x,μ)∈C

Ux,μ
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2D U(1) Gauge Field

41

Topological Freezing

Generated at  with 1024 cofigurations, L = 16β = 7

Eur. Phys. J. C (2021) 81:873
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2D U(1) Gauge Field

42

Topological Freezing

Generated at  with 1024 cofigurations, L = 16β = 7

Physically-
Transfer Learning

Training at one, 
Transfer and Generate at all



Thank you!

Physics-Driven Deep Learning
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Backups

44

Topological Freezing

Generated at  with 1024 cofigurations, L = 32β = 7

Eur. Phys. J. C (2021) 81:873

Large size, still work!
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Backups
Scattering

45

Space

Imaginary Time

x

y

𝒥†
1

𝒥†
2

⟨N1(x, t)N2(y, t)𝒥†
1(0)𝒥†

2(0)⟩

= ∑
n

⟨0 |N1(x)N2(y) |n⟩ane−Ent

⟶ ϕ(r, t) = ∑
n<n*

bnϕn(r)e−Entt > t*

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007), 
S. Aoki, T. Hatsuda, and N. Ishii, Prog. Theor. Phys. 123, 89 (2010). 

N. Ishii, etc.(HAL QCD), Phys. Lett. B 712, 437 (2012)

(Ek − H0)ϕk(r) = ∫ d3 r′ U(r, r′ )ϕk(r′ ), r < R

LR

2 PI Kernelϕ(r, t) →

Consider the wave function at “interacting region” 
Phase shift, Binding energy⟶
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Backups
Direct Method?

46

slides@T.Hatsuda

Aoki, S., Doi, T., Front. in Phys. 8, 307 (2020)
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Toy Model-II
Yukawa Potential

47

Local potential approximation will give a Schordinger equation,

(−
∇2

2m
+ V(r)) ψ(r) = Eψ(r)

where , and  is the coupling(interaction) constant 

and  is the mass of the exchanged particle.

V(r) = − α
e−μr

r
α

μ
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Toy Model-II
Yukawa Potential

48

V(r) = − α
e−μr

r

μ = 1,α = 2,m = 3.3μ
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Toy Model-II
Yukawa Potential

49

VNN(r) ≡ fθ(r)

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − VNN(r)ϕk(r)]
2

A practical set-up for training, 
, 

.
k = [0,1,2,3]

r = [0.01,5μ], Nr = 2000
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Toy Model-II
Yukawa Potential

50

minθℒ = ∑
r

∑
k

[(Ek − H0) ϕk(r) − VNN(r)ϕk(r)]
2

VNN(r) ≡ fθ(r)
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Backups
Momentum Space

51

u(p, p′ ) =
Nr−1

∑
r=0

Nr−1

∑
r′ =0

U(r, r′ ) ⋅ e
−j2π( rp

Nr
+ r′ p′ 

Nr )
Discrete Fourier Transformation


