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Lattice QCD calculations at T=0 
with realistic sea quarks now 
achieving accurate results for hadron 
masses and simple decay rates. 
C.Davies et al, HPQCD/MILC/FNAL:!
hep-lat/0304004

? how much of this accuracy can be 
translated into calculations for T>0 ?

Bottom to charm quark region particularly useful for a 
QGP ‘thermometer’

Key lattice QCD issue for heavy b and c quarks is that 
of discretisation errors and control of these using 
understanding of their non relativistic nature. 



HPQCD has developed two very different techniques:

• Improved NonRelativistic QCD - accurate through  
!
along with discretisation corrections (through                   ) 
am > 1 allows calculations for b quarks on lattices with 
a=0.15fm - 0.06fm;  down to mb/2 on a=0.15fm

↵sv
4

• Highly Improved Staggered Quarks (HISQ) is a 
relativistic action with discretisation errors starting at: 
!
Good for u, d, s and c at all lattice spacings. Can reach b 
on 0.045fm lattices.  
Note: most a2 effects are suppressed by powers of v  

↵sa
2 a4

↵sv
2a2p2

v2 ~ 0.1 bottomonium; v2 ~0.3 charmonium



mass 
of u,d 
quarks

real 
world

Volume:

mu,d ⇡ ms/10

mu,d ⇡ ms/27

m⇡L > 3

2nd generation 
u,d,s,c in sea 
Highly Improved 
Staggered Quarks

and ensemble 
sizes ~1000

MILC:1212.4768

* physical u/d *
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Example parameters for calculations now being done with 
‘staggered’ quarks in sea.

E.Follana et al, 
HPQCD, hep-lat/
0610092.



Hadron correlation functions (‘2point functions’) give 
masses and decay constants. 

h0|H†(T )H(0)|0i =
X

n

Ane
�mnT

masses of all 
hadrons with 
quantum 
numbers of H|h0|H|ni|2

2mn

decay constant parameterises amplitude to annihilate - a 
property of the meson calculable in QCD. Relate to 
experimental decay rate. Must normalise H. 

Accurate experimental info. for f  
and m for gold-plated mesons 
Compare formalisms to test 
uncertainties.

QCD HH

=
f2
nmn

2
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The gold-plated meson spectrum 
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HPQCD:
1302.2644

HPQCD:
1312.5264HPQCD:

1303.1670

Summary of Meson decay constants 
Parameterises hadronic information needed 
for annihilation rate to W or photon: � / f2
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Note range of values for f much smaller than that for m. 



Example results from calculations of masses:
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FIG. 1: Autocorrelation function C

�T for ⌥ correlators made from di↵erent smearing combinations, from left to right: ll, gg
and ee. Di↵erent symbols are given to di↵erent ensembles according to the key on the right in the ee plot (color online). The
correlators are evaluated at lattice time separation t/a = 4 on very coarse lattices (sets 1 and 2), t/a = 5 on coarse lattices
(sets 3 and 4) and t/a = 8 on fine lattices (set 5). This corresponds to a t value where the gg correlators have reached the
ground-state plateau and the ee correlators have a short plateau corresponding approximately to the first excited state mass.
�T gives the separation at which the autocorrelation is measured in units of numbers in the ordered ensemble list.
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FIG. 2: Energies in lattice units of the low lying ⌥ states for
the fine ensemble, set 5, from the full 5⇥ 5 lgeGE fit plotted
against the number of exponentials, n

exp

, included in the fit.

Gaussian with central value pk and width �̃p
k

. The fit
parameters are: the amplitudes, which are taken to have
a prior of 0.1±1.0; the ground state energies ln(E0) which
are estimated from an e↵ective mass plot and given a suit-
ably wide width; and the splittings ln(En+1�En) which
prior information tells us should be of the order 500 MeV
with a width of 250 MeV. Taking the fit parameters to
be the logarithms of the energy splittings ensures that
the ordering of the states is respected.

�2
aug is minimised using the singular value decomposi-

tion (SVD) method. In the larger matrix fits, the cor-
relation matrix can become ill-conditioned and it can be

necessary to introduce a cuto↵, wcut, on the lowest eigen-
values of the correlation matrix in order to fit the data.
A variation of this method is used in which, instead of
setting eigenvalues below wcutwmax to zero, they are set
to wmax times wcut. This is a less severe truncation of
the correlation matrix and it improves the fits in some
cases. wcut was typically taken to be 10�4 for the 5 ⇥ 5
matrix fits.

In order to determine whether the inclusion of five dif-
ferent smearing operators actually leads to improved re-
sults, the energies of the low lying ⌥ states are plotted
in Figure 3 for a variety of di↵erent matrix fits from the
fine ensemble. The e↵ect on the precision of the ground
state is negligible but the full 5 ⇥ 5 fit has significantly
smaller errors for the first two excited states.

Because NRQCD is a nonrelativistic e↵ective theory,
there is an energy o↵set. Thus the energies obtained from
correlators at zero momentum do not correspond to me-
son masses. Energy di↵erences do correspond to mass
di↵erences, however and so, for example, the mass di↵er-
ence between the ⌥0 and the ⌥ (in lattice units) is given
simply by aE2�aE1 from equation 7. To obtain absolute
mass values requires the study of correlators for mesons
at nonzero spatial momentum as discussed in Sec. III C.

C. NRQCD systematics in tuning the b quark mass

In this calculation the parameters of QCD that need to
be determined are the b quark mass and ⇤QCD. In prac-
tice this translates into the fact that we need to tune the
b quark mass parameter in the lattice NRQCD Hamilto-
nian until we obtain the correct value for one calibration
hadron mass and we need to determine the lattice spac-
ing from another calibration hadron mass. After that
is done all other hadron masses are determined with no
further tuning. The two calibration hadrons should be

Radial excitations in Upsilon system with NRQCD - use 
multiple smearings and constrained multi-exponential fit
HPQCD, R. Dowdall et al 1110.6887
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Set a

⌥

(fm) a⌘
s

(fm) ar
1

/a (fm)
1 0.1474(5)(14)(2) 0.1546(10)(5) 0.1569(8)(13)
2 0.1463(3)(14)(2) 0.1526(6)(5) 0.1553(3)(13)
3 0.1219(2)(9)(2) 0.1234(7)(4) 0.1244(2)(10)
4 0.1195(3)(9)(2) 0.1218(5)(4) 0.1221(5)(10)
5 0.0884(3)(5)(1) 0.0899(6)(3) 0.0902(3)(7)

TABLE X: Lattice spacing values in fm determined from sev-
eral methods. The first column gives results from the ⌥
2S�1S splitting. The first error is from statistics/fitting, the
second from remaining systematic errors from the NRQCD
action (from Tables VI and VII) and the third is a correlated
0.2% error from experiment and electromagnetic corrections.
The second column gives lattice spacing values from the decay
constant of the ⌘s meson as described in section IV. The first
error is from statistics/fitting and the second is a correlated
0.3% error from the uncertainty in the physical value of f⌘

s

as
discussed in section IV. The third column gives lattice spac-
ing values determined from r

1

/a values in Table I. The first
error is from statistics/fitting and the second is a correlated
0.8% error from the uncertainty in the physical value of r

1

as
discussed in section V.

and fine lattices. These shifts are denoted by a� in Ta-
ble VIII, and are to be subtracted from the 2S�1S split-
ting to give the corrected lattice result. It can be seen
that a� is not much larger than the statistical errors on
the 2S � 1S splitting. The statistical error in a� is neg-
ligible, but there is a systematic error which is taken as
0.5 ⇥ a�. This accounts for the errors in the hyperfine
splitting from 4-quark operators, higher order radiative
corrections to c4 and relativistic corrections to the � · B
term. This error is then included in the systematic error
for the corrected 2S � 1S splitting.

Note that we do not expect the spin-orbit term with co-
e�cient c3 to have significant e↵ect on the S-wave states.
In any case our nonperturbative determination of c3 dis-
cussed in Appendix C gives a result consistent with the
value of 1.0 that we are using. Possible errors from ra-
diative corrections to c2 are included in our systematic
error budget for NRQCD (Table VI).

Table X gives the values of the lattice spacing in fm
obtained from the 2S � 1S splitting on each ensemble,
along with their associated statistical/fitting error and
systematic error. The systematic errors are combined in
quadrature from Tables VI and VII and from a� in Ta-
ble VIII. The systematic errors are dominated by those
from missing higher order relativistic corrections to the
NRQCD action and these will be correlated to some ex-
tent between ensembles. There is an additional overall
systematic error of 0.2% coming from the experimental
value for the splitting and electromagnetic e↵ects missing
from our calculation.

In Table IX we give results for cases where c4 is set to
its nonperturbatively tuned value on sets 3, 4 and a test
value of 1.10 on set 5 (the nonperturbatively tuned value
is in fact 1.18, see Appendix C). Changing c4 shifts the
fitted energies of all the states but this is simply because
the zero of energy has changed. As expected, changing c4
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FIG. 9: Results for the ratio of the 3S�1S and 1P �1S split-
tings to the 2S�1S in the ⌥ system plotted against the square
of the lattice spacing determined from the 2S � 1S splitting.
The grey shaded bands give the physical result obtained from
a fit to the data as described in the text. The black open
circles slightly o↵set from a = 0 are from experiment [35].

has very little e↵ect on splittings between spin-averaged
S wave states or between the 1P1 mass and the spin-
averaged 1S state.

An important test of the results is whether, using these
values for the lattice spacing, we get results in agreement
with experiment for other mass di↵erences i.e. whether
ratios of splittings are correct. In our previous work on
2+1 flavor gluon configurations [2] agreement with exper-
iment was found within 3% statistical/systematic errors.
Here we have substantially improved errors, including im-
proved statistical errors, so we can improve on our earlier
analysis.

Table VIII gives values for the ratios of the ⌥ 3S� 1S
and 11P1� 1S splittings to the ⌥ 2S� 1S splitting from
our results for c4 = 1. Table IX gives the same ratios
for the case where c4 takes its nonperturbatively tuned
value. In forming the ratio RP = (11P1 � 1S)/(23S1 �
13S1) for the case c4 = 1 we correct the denominator
for c4 errors using the a� values in Table VIII. The
numerator should not be sensitive to c4 because the S-
state energies have been spin-averaged and the 1P1 state
is una↵ected by c4, as discussed in Appendix C. Both
the ⌥ 3S � 1S and 2S � 1S splittings will have some
sensitivity to c4. However, any shifts will cancel between
the two splittings up to an amount equal to one quarter
of the di↵erence in the 3S and 2S hyperfine splittings.
This is negligible compared to statistical errors in this
ratio. The ratio RS = (33S1 � 13S1)/(23S1 � 13S1) in
Table VIII is therefore not corrected for c4.

The ratio RS from Table VIII, where we have results



Further examples on 
details of the spectrum - 
NRQCD b and HISQ u/
d, s and c

Radial and orbital excitation energies of charmonium B. A. Galloway
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Figure 3: The hyperfine splitting of charmonium as determined on a range of ensembles from ‘very
coarse’ to ‘superfine’. The grey band indicates the fitted curve at the physical light sea quark mass,
and the magenta band shows our final result in the continuum limit, including both statistical and
systematic errors. Note the range of the y-axis scale.

(a) (b)

Figure 4: Preliminary results for (a) the energy difference between the hc and the J/Y, and (b)
the ratio of the decay constants of the J/Y and the Y0, as determined on ‘coarse’ and ‘fine’ lat-
tices. The magenta points at zero lattice spacing represent the values derived from experimental
measurements.

6

13

M
B

s -
 M

B
l  

(G
eV

)

Mπ 

2
/Mηs

2

Set 1
Set 2
Set 3
Set 4
Set 5

 0.04

 0.05

 0.06

 0.07

 0.08

 0.09

 0.1

 0  0.1  0.2  0.3  0.4  0.5

FIG. 8. Chiral fit for MBs �MBl against the ratio M

2
⇡/M

2
⌘s

for the SU(2) fit function with discretisation e↵ects. The
grey band shows the chiral fit evaluated at a = 0 with no
other systematic errors. The plot includes the shift due to
electromagnetic e↵ects missing in lattice QCD.
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FIG. 9. Comparison of di↵erent chiral fit functions: SU(2)
HM�PT with and without discretisation corrections; leading
order analytic terms with and without discretisation terms;
SU(2) HM�PT with a tighter prior on g of 0.5(1); SU(3)
HM�PT with and without discretisation terms. Only the
error from the chiral fit is shown.

SU(3) case and just the tree level terms with discreti-
sation e↵ects added in each case. Good �2 values and
consistent results are obtained for all fits.

We now need to consider the e↵ect of electromagnetism
on �

B

phys

. Since our light quark masses are degenerate
we do not distinguish between the B

d

and B
u

mesons
but compare to the average M

Bl = (M
B

± + M
B

0

)/2.
Electromagnetism will a↵ect the two states di↵erently
since the B

u

is charged. In [9] the shift was estimated to
be +2(1) MeV for the B

u

whereas the shift was negligible
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FIG. 10. Plot of the chiral extrapolation for MDs �MD with
MBs �MB for comparision. Errors are from the chiral fit only
and the lattice data is adjusted for missing electromagnetism.

for the B
d

and B
s

. So to compare with experiment we
shift �

B

phys

by -1 MeV to give

M
Bs �M

Bl = 84(2) MeV

in good agreement with experiment of 87.4(3) MeV
(within 2 sigma). Reconstructing M

B

using our value
for M

Bs in Sec. III A gives M
B

= 5.283(2)(8) GeV The
first error is from the chiral fit and the second is the error
on M

Bs with the detailed breakdown as in Sec. III A.

E. The D meson

Our analysis of the D meson follows the same method
as the B in the previous section. The splittingM

Ds�M
D

is taken from a combined fit to all three charmed mesons,
the results are given in Table VIII. Systematic errors
should be small in the splitting since the only di↵erence
between the states is the light quark mass, however we
still see some lattice spacing dependence coming from
the charm quark discretisation errors. We use the SU(2)
HM�PT formula Eq. 16 with discretisation terms, this
time including higher powers of a and with a scale set by
m

c

(1.0+d
1

(m
c

a)2+d
2

(m
c

a)4+d
3

(m
c

a)6+d
4

(m
c

a)8). (18)

Priors for g and the leading term are the same as above
but priors for discretisation errors are 0.00(6) for d

1

and
0.0(2) for other d

i

terms as in Sec. III B. Since we do
not have vector meson masses the experimental value
140 MeV [22] is used for the hyperfine term in the fit
function. The HISQ action has previously been shown
to give results for hyperfine splittings in agreement with
experiment [7].

HPQCD, B. Galloway et al, LAT14; R. Dowdall et al 1207.5149, 1309.5797
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FIG. 1: The fit result for the 1S hyperfine from the v6 action
with spin-dependent 4-quark operators. The two error bars
are: statistics and scale setting for the smaller; the larger band
includes correlated errors from missing radiative corrections
to c4, d1, d2 and quark mass tuning errors. The grey band
includes all systematic errors. Also shown are the pure v6

results, which are not included in the fit, and the PDG average
[2].

Our final results are

�
hyp

(1S) = 62.8(6.7) MeV

�
hyp

(2S)/�
hyp

(1S) = 0.425(25). (5)

A full error budget is given in table IV. The error on
�

hyp

(1S) is dominated by the unknown radiative correc-
tions to c

4

, reducing this systematic error would require
a di�cult 2-loop calculation. The ↵3

s corrections to the
4-quark operators are also significant, again improving
these further would be di�cult. Missing higher order
operators are no longer a significant source of error. Sta-
tistical errors dominate the uncertainty in the ratio which
could in principle be improved. Sea quark mass depen-
dence in the hyperfine splitting was found to be much less
than other errors in [21] so we neglect it in �

hyp

(1S). For
the ratio, we also found no systematic light quark mass
dependence in [21], but statistical fluctuations between
di↵erent ensembles accounted for 3.5% of the error. We
apply this additional error to our result for the ratio.

IV. CONCLUSIONS

The bottomonium spectrum continues to provide a rich
environment for increasingly precise tests of QCD in the
low energy regime. Excited states are still being dis-
covered by experiments such as Belle, CLEO and AT-
LAS [5, 6, 34, 35] and lattice QCD calculations are now
able to accurately calculate most of the low-lying states.
We have given an improved determination of the hyper-
fine splittings using nonrelativistic QCD correct through
O(↵sv

4, v6, ↵2

sv
3). This is the most accurate calculation

to date. Our result for the 1S splitting of 63(6) MeV is
consistent with our previous result of 70(9) [21], verifying

FIG. 2: The fit result for the hyperfine ratio from the v6

action with spin-dependent 4-quark operators. Also shown
are the pure v6 results, which are not included in the fit, and
the results from Belle and Dobbs et al. [5, 6].

Error % �hyp(1S) RH

Stats/fitting 0.2 3.5
Uncertainty in a 2.2 0.0
scale dependence 1.1 2.4
NRQCD amb dependence 3.8 0.1
NRQCD radiative ↵sv

6 3.7 0.0
NRQCD radiative ↵2

sv
4 in c4 7.0 <0.1

Statistical error in c(1)4 3.1 1.3
NRQCD relativistic spin v8 1.0 0.5
NRQCD radiative 4-quark ↵3

sv
3 2.9 1.5

mb tuning 0.7 <0.1
ml,sea dependence <0.1 3.5
EM e↵ects 0.2 0.1
Total 10.7 5.9

TABLE IV: Full error budget for the 1S hyperfine splitting
and the 2S to 1S ratio. All errors are in percent.

that systematic errors were estimated appropriately. The
result agrees with, but is more accurate than other results
in full lattice QCD, those of Meinel [23], Fermilab/MILC
[18] and RBC/UKQCD [33]. All are consistent with the
PDG average.

Our result for the ratio RH is in excellent agreement
with the Belle result but disagrees significantly with
Dobbs et al.. For discussion of the discrepancy in the
experimental values, see [36]. Using the current PDG
average of 62.3(3.2) MeV for the 1S hyperfine gives a 2S
hyperfine splitting of

�
hyp

(2S) = 26.5(1.6)
latt

(1.4)
exp

, (6)

where the error has been divided into components from
this lattice calculation and the experimental result. Us-
ing our lattice result to normalise the value gives a con-
sistent result. A comparison of the existing lattice and
experimental results is shown in Fig. 3. Further im-
provements to lattice calculations of the hyperfine split-
ting may require relativistic actions. A calculation of the
hyperfine splitting using HISQ b-quarks is in progress.



Decay constants for leptonic decay6

Our results for f

J/ 

/Z are given in Table II. The
final column of that table gives the values of Z deter-
mined from current-current correlators as described in
Appendix B. This method uses continuum perturbation
theory through O(↵3

s

) to normalise the lattice QCD cor-
relators at small times. Z then results from a combina-
tion of non-perturbative lattice QCD calculations with
continuum perturbation theory in a similar approach to
that of the RI-MOM scheme3 used to renormalise the cur-
rents for the same calculation using twisted mass quarks
in [10]. The current-current correlator method has the
advantage that we can use the same correlators from
which we also extract, at large times, the nonpertur-
bative information on the ground-state mass and decay
constant. Indeed this allows some cancellation of dis-
cretisation errors apparent in the unrenormalized decay
constant.

Multiplying f

J/ 

/Z by Z and then by a

�1 in GeV
gives the physical results for the decay constant plotted
in Figure 3. We fit these to the same function of lat-
tice spacing and sea quark mass used for the hyperfine
splitting, eq. (3). The only di↵erences are that the prior
on f

0

is taken as 0.5(5) in this case and the priors on
the slope of the variation of f

J/ 

with M

⌘

c

are taken as:
d

0

, 0.065(5) and d

1

, 0.00(25). These are informed by the
variation we see for the deliberately mistuned c mass on
set 2 and also by our extensive study of the behaviour of
f

⌘

c

with M

⌘

c

in [2]. There we find a strong a-dependence
in the slope of the decay constant with mass and so we
allow for that here.

The physical result that we obtain in the continuum
limit is:

f

J/ 

= 405(6)(2)MeV. (9)

The first error is from the fit and is dominated by the
error from the Z factor. The second error is an estimate
of systematic e↵ects from missing electromagnetism in
our lattice QCD calculation [2]. The e↵ect of missing
c-in-the-sea is negligible in this case. A complete error
budget is given in Table III.

The leptonic width is determined by the amplitude of
the ground-state that dominates the correlator at large
times. We can also determine the charm contribution
to R

e

+
e

� through the time moments of the J/ correla-
tor which depend on the behaviour at short times. The
moments are defined by:

G

V

n

= Z

2

C

V

n

= Z

2

X

˜

t

t̃

n

C

J/ 

(t̃) (10)

where t̃ is lattice time symmetrised around the centre of
the lattice (see Appendix B). Results for (GV

n

/Z

2)1/(n�2)

in lattice units on each of our ensembles are given in Ta-
ble IV for n = 4, 6, 8 and 10. The power 1/(n � 2) is

3 This method is often called ‘nonperturbative’ in the lattice QCD
literature.
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FIG. 3: Results for the charmonium vector decay constant
plotted as a function of lattice spacing. For the x-axis we use
(mca)

2 to allow the a-dependence of our fit function (eq. (3))
(blue dashed line with grey error band) to be displayed sim-
ply. The data points have been corrected for c quark mass
mistuning and sea quark mass e↵ects, but the corrections are
smaller than the error bars. We do not include on the plot the
deliberately mistuned c mass but it is included in the fit to
constrain the c mass dependence. The errors shown include
(and are dominated by) uncertainties from the determination
of the current renormalization factor, Z, that are correlated
between the points. The experimental average is plotted as
the black point at the origin, o↵set slightly from the y-axis
for clarity.

taken to reduce all the moments to the same dimension.
We take the Z factor for the vector current to be the
same one used for the leptonic width above, determined
in Appendix B. Figure 4 then shows the physical results
for the moments as a function of lattice spacing. The
gray bands show our fits which use the same function of
lattice spacing and sea quark masses as given in eq. (3).
We reduce the prior width on the lattice spacing depen-
dent terms by a factor of 4 because the moments are not
as sensitive to short distances as the leptonic width or
hyperfine splitting.

The physical results that we obtain for each moment
in the continuum limit are given by:

(GV

4

)1/2 = 0.3152(41)(9) GeV�1

(GV

6

)1/4 = 0.6695(57)(13) GeV�1

(GV

8

)1/6 = 0.9967(65)(10) GeV�1

(GV

10

)1/8 = 1.3050(65)(6) GeV�1

. (11)

The first error comes from the fit and the second allows
for electromagnetism (e.g. photons in the final state)
missing from our calculation but present in experiment.
The error is estimated by substituting ↵

QED

for ↵
s

in
the perturbative QCD analysis of the moments [22]. A
complete error budget for our results is given in Table V.

The results agree well with the values extracted for the
q

2 derivative moments, M
k

(n = 2k + 2), of the charm
quark vacuum polarization using experimental values for

Radial and orbital excitation energies of charmonium B. A. Galloway

Figure 3: The hyperfine splitting of charmonium as determined on a range of ensembles from ‘very
coarse’ to ‘superfine’. The grey band indicates the fitted curve at the physical light sea quark mass,
and the magenta band shows our final result in the continuum limit, including both statistical and
systematic errors. Note the range of the y-axis scale.

(a)

0.000 0.005 0.010 0.015 0.020 0.025

a2/fm2

0.8

1.0

1.2

1.4

1.6

1.8

f J
/
�
/f

�
�

HISQ on HISQ 2+1+1 ml/ms = 1/5

HISQ on HISQ 2+1+1 ml/ms = 1/10

HISQ on HISQ 2+1+1 ml/ms = phys

expt (PDG)

(b)

Figure 4: Preliminary results for (a) the energy difference between the hc and the J/Y, and (b)
the ratio of the decay constants of the J/Y and the Y0, as determined on ‘coarse’ and ‘fine’ lat-
tices. The magenta points at zero lattice spacing represent the values derived from experimental
measurements.

6

7

Set am
b

c4 c(J(0)
V

, 0) c(J(1)
V

, 0) a3/2f⌥
p
M⌥

1 3.297 1.0 0.9422(22) -0.2439(6) 1.334(4)(33)
1 3.297 1.22 0.9194(24) -0.2355(7) 1.346(4)(34)
1 3.42 1.0 0.9695(23) -0.2373(6) 1.376(4)(40)
2 3.25 1.22 0.9087(21) -0.2371(6) 1.304(3)(35)
3 2.66 1.0 0.7153(17) -0.2360(6) 0.929(2)(26)
4 2.62 1.20 0.6821(18) -0.2268(6) 0.914(3)(23)
5 1.91 1.0 0.4523(8) -0.2109(4) 0.604(1)(11)

TABLE IV: Columns 4 and 5 give the ground-state (⌥) am-

plitudes for operators corresponding to the leading (J(0)
V

ab-

breviating J
(0)
V,NRQCD) and next-to-leading (J(1)

V,NRQCD) pieces

of the NRQCD vector current for bb annihilation (before mul-
tiplication by Z

V

). Errors are statistical/fitting errors. Col-
umn 6 gives the corresponding values for the decay constant
parameter f⌥

p
M⌥ in lattice units. The first error is statisti-

cal and the second from the Z
V

factor used to normalise the
current.
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FIG. 1: The hadronic parameter f⌥
p
M⌥ from our lattice

calculation plotted against the square of the lattice spacing.
Open blue circules give results from sets 1, 3 and 5 and open
red squares, sets 2 and 4. The grey band gives the physical
value resulting from a fit to lattice-spacing and sea-quark mass
dependence combined with other sources of systematic error
as described in the text. The width of the grey band is then
twice our total error. The black diamond gives the result
derived from the experimental leptonic width using eq. (11).

that the matrix elements of J (1) are negative, as expected
from the form it takes (eq. (13)).

We can combine these amplitudes with the values for
k
1

and Z
V

from Table IX to form the amplitude for J
V,i

.
In fact what we do is to make up correlators that cor-
respond to using operator J

V,i

at source and sink and
fit that as above to obtain the ground-state amplitude.
The two methods give the same result. Multiplying these
amplitudes by

p
2 and Z

V

gives f
⌥

p
M

⌥

in lattice units
using eqs. (7) and (10). These values are given in the
rightmost column in Table IV. The error on the ampli-
tude is dominated by that from Z

V

and, in determining
this error, we pay attention to the correlation between the

uncertainty in k
1

and that in Z
V

as given in Table IX 2.
f
p

M is the hadronic parameter that is the direct out-
put from our lattice QCD calculation and from which we
must determine a physical result to be compared with
experiment. The results for f

p
M (converted to physi-

cal units using the lattice spacing values in Table I) are
plotted against the square of the lattice spacing in Fig-
ure 1. We see relatively little dependence on either the
lattice spacing or the sea quark masses. Table IV also
shows that changing the coe�cient c

4

in the NRQCD ac-
tion has insignificant e↵ect. Changing the b quark mass
from 3.297 (well-tuned, and plotted on Figure 1) on set 1
to 3.42 (badly-tuned) has a visible e↵ect and we can use
this to estimate tuning uncertainties.

To obtain a physical result from our lattice values we
must fit them as a function of lattice spacing and of sea
light quark mass. Our results on sets 2 and 4 correspond
to a physical value of the u/d sea mass but in order to
incorporate fully any lattice spacing dependence we need
also to include sets 1, 3 and 5 in the fit.

For the fits we use the method developed in [16] allow-
ing for both ‘standard’ discretisation errors that come
from the gluon or light quark actions but also higher or-
der discretisation errors in the NRQCD action that may
have am

b

-dependent coe�cients. Adding these terms in
to our fit allows them to contribute to the error on the
physical result. Since we will use this fit for other quan-
tities we simply denote the hadronic parameter which is
the subject of the fit by h, here f

⌥

p
M

⌥

. We use the
form:

h(a, m
sea

) = h
phys

[1 + b
l

�m
sea

/(10m
s

) + (21)
X

j=1,3

c
j

(a⇤)2j +

X

j=1,2

(a⇤)2j [c
jb

�x
m

+ c
jbb

(�x
m

)2]

The second term in square brackets accounts for the sea
quark mass dependence using a simple linear dependence
expected at leading order. Since the sea mass dependence
is very small this is su�cient. �m

sea

is the di↵erence be-
tween the sum of twice the light and strange sea quark
masses and its physical value. The physical values of the
s quark mass (for the lattice spacing values in Table I)
are given in [16] and we take the ratio of physical s to
light quark mass as 27.5 [29]. The factor of 10m

s

in the
denominator is a convenient way (cancelling the mass
renormalisation) to introduce the chiral scale of 1 GeV.
The third term accounts for standard discretisation er-
rors, using a scale of ⇤ where we set ⇤ = 500 MeV. The

2
Note that the normalisation of the amplitudes that we are us-

ing here is that appropriate to that of the decay constant. A

normalisation that is frequently used instead in NRQCD calcu-

lations [12] is that appropriate to determining a wavefunction.

The di↵erence between the two normalisations for the amplitude

is

p
6.

HPQCD, G. Donald et al, 1208.2855; B. Galloway et al, LAT14; B. Colquhoun et al 
1408.5768
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FIG. 3: The 1/(n� 2)th root of the nth time-moment of the
vector current-current correlator for (bottom to top) n = 4,
6, 8 and 10, plotted against the square of the lattice spacing.
Blue open circles are for sets 1, 3 and 5 and red open squares
for 2 and 4. The errors on the points include the uncertainty
from Z

V

, k1 and the lattice spacing. The grey band shows
our physical result with its full error including that from fit-
ting the points and additional systematic errors. The black
diamonds are results determined from the experimental data
for R

e

+
e

�

eqs. (15) and (16). Results are given for (GV

n

)1/(n�2) for
n = 4 to 10 in Table VII on each of our ensembles. The
power 1/(n � 2) is taken to reduce all the moments to
the same dimension. Figure 3 shows the results plotted
against the square of the lattice spacing. The errors on
the points come from uncertainty in Z

V

and k
1

(taking
account of their correlation) and in the lattice spacing.

We fit the results for each moment as a function of
lattice according to the standard fit in eq. (21) using
the priors given there, except for the case n = 4 where
we increase the width of the prior on the a2 term to
3.0. Very strong a-dependence is seen for that case in
Figure 3, consistent with the fact that this moment has
a big contribution from relatively large spatial momenta.

To the fitted values we must add systematic errors
from:

• NRQCD systematics. Our NRQCD vector current
is missing relativistic corrections at O(v4). In Ap-
pendix A we estimate that the important spatial
momenta for moment n correspond to v2 ⇡ 1/n.
We can test this expectation by studying the ef-
fect of the relativistic corrections we include in
J (1)

V,NRQCD

(i.e. at O(v2)). We find shifts for
the di↵erent moments compared to the leading or-
der result on fine set 5 lattices of n = 4 : 25%,
n = 6 : 22%, n = 8 : 18%, n = 10 : 15%. This
agrees reasonably well, but is a bit larger, as n in-
creases, than the naive expectation of 1/n. To de-
termine the systematic error from missing v4 terms,
we therefore take the square of the result we see at
O(v2), giving an uncertainty in the moment of 6%
for n = 4, 4% for n = 6, 3% for n = 8 and 2% for

n = 10. In the 1/(n � 2)th root of the moment,
the quantity determined here, the systematic error
becomes: 3% for n = 4, 1% for n = 6, 0.5% for
n = 8 and 0.4% for n = 10.

• b quark mass tuning. The results in Table VII for
set 1 show that mistuning the b quark mass has a
visible e↵ect, with an increasing lattice value for
am

b

giving a smaller value for the moment. This
is most evident for the 4th moment. Mass tuning
relies on the lattice spacing determination and the
tuning error arises from the uncertainty in the lat-
tice spacing (since M

kin

is determined more accu-
rately than a). Here the change in the quark mass
counteracts the change in lattice spacing so that
tuning uncertainties are relatively small. We take
1.5% for the 4th moment and 0.5% for the others.

• electromagnetism. The e↵ect of electromagnetism
in experiment (e.g. photons in the final state) miss-
ing from our calculation were estimated for the
charm case in [8]. The uncertainties were very small
there, and will be negligible here because of the
smaller electric charge of the b quark.

Including these systematic uncertainties along with
those from the fit above gives the physical results from
our calculation:

�
GV

4

�
1/2

= 0.086(5)(3)GeV�1

�
GV

6

�
1/4

= 0.196(8)(2)GeV�1

�
GV

8

�
1/6

= 0.295(11)(2)GeV�1

�
GV

10

�
1/8

= 0.388(15)(2)GeV�1. (25)

The first error is from the fit, taking into account lat-
tice spacing dependence, and the second error is from
systematic errors estimated above.

The results agree well with the values extracted for
the q2 derivative moments, M

k

(n = 2k + 2), of the
b quark vacuum polarization using experimental values
for R

e

+
e

� = �(e+e� ! hadrons)/�
pt

[48]. These values,
appropriately normalised for the comparison to ours, are:

(M exp

1

4!/(12⇡2e2

b

))1/2 = 0.0915(3) GeV�1

(M exp

2

6!/(12⇡2e2

b

))1/4 = 0.1991(5) GeV�1

(M exp

3

8!/(12⇡2e2

b

))1/6 = 0.2996(5) GeV�1

(M exp

4

10!/(12⇡2e2

b

))1/8 = 0.3955(6) GeV�1. (26)

These are shown as the black diamonds in Figure 3. Our
results from lattice NRQCD have significantly larger er-
rors than those derived from experiment. As discussed
above this is primarily because of NRQCD systematic er-
rors for these low moments. Nevertheless this provides
a good test of QCD that is complementary to our tests
using the leptonic width in Sections III A and III B.

One application of our results is to the determina-
tion of the e↵ect on the anomalous magnetic moment,

7

Set mca

⇣
GV

4
Z2a2

⌘1/2 ⇣
GV

6
Z2a4

⌘1/4 ⇣
GV

8
Z2a6

⌘1/6 ⇣
GV

10
Z2a8

⌘1/8

1 0.622 0.5399(1) 1.2162(1) 1.7732(1) 2.2780(1)
2 0.63 0.5339(1) 1.2054(1) 1.7581(1) 2.2584(1)
2 0.66 0.5135(1) 1.1692(1) 1.7081(1) 2.1941(1)
3 0.617 0.5434(1) 1.2223(1) 1.7817(1) 2.2888(1)
4 0.413 0.7586(1) 1.6351(1) 2.3887(2) 3.0952(2)
5 0.273 1.0681(1) 2.2705(2) 3.3454(3) 4.3601(4)
6 0.193 1.4323(3) 3.0397(5) 4.4990(7) 5.8738(8)

TABLE IV: Results in lattice units for time moments of the
J/ correlator as defined in eq. (10). We give results for n=4,
6, 8 and 10.

(GV
4 )1/2 (GV

6 )1/4 (GV
8 )1/6 (GV

10)
1/8

(amc)
2 extrapolation 0.18 0.18 0.16 0.16

statistics 0.05 0.04 0.03 0.03
lattice spacing 0.32 0.51 0.43 0.30
sea quark extrapolation 0.14 0.13 0.12 0.12
M⌘

c

tuning 0.15 0.18 0.17 0.16
Z 1.23 0.61 0.41 0.31
electromagnetism 0.3 0.2 0.1 0.05
Total (%) 1.3 0.9 0.7 0.5

TABLE V: Complete error budget for the time moments of
the J/ correlator as a percentage of the final answer.

R

e

+
e

� = �(e+e

� ! hadrons)/�
pt

[22, 23]. The values,
extracted from experiment by [22] and appropriately nor-
malised for the comparison to ours, are:

(M exp

1

4!/(12⇡2

e

2

c

))1/2 = 0.3142(22) GeV�1

(M exp

2

6!/(12⇡2

e

2

c

))1/4 = 0.6727(30) GeV�1

(M exp

3

8!/(12⇡2

e

2

c

))1/6 = 1.0008(34) GeV�1

(M exp

4

10!/(12⇡2

e

2

c

))1/8 = 1.3088(35) GeV�1

. (12)

Our results from lattice QCD have approximately double
the error of the experimental values but together these
results provide a further test of QCD to better than 1.5%.

C. �(J/ ! �⌘c)

The radiative decay of the J/ meson to the ⌘

c

re-
quires the emission of a photon from either the charm
quark or antiquark and a spin-flip, so it is an M1 transi-
tion. Because it is sensitive to relativistic corrections this
rate is hard to predict in nonrelativistic e↵ective theories
and potential models (see, for example, [24, 25]) Here
we use a fully relativistic method in lattice QCD with
a nonperturbatively determined current renormalisation
and so none of these issues apply. In addition, of course,
the lattice QCD result is free from model-dependence.

The quantity that parameterises the nonperturbative
QCD information (akin to the decay constant of the pre-
vious section) is the vector form factor, V (q2), where q

2

is the square of the 4-momentum transfer from J/ to
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FIG. 4: Results for the 4th, 6th, 8th and 10th time moments
of the charmonium vector correlator shown as blue points and
plotted as a function of lattice spacing. The errors shown (the
same size or smaller than the points) include (and are domi-
nated by) uncertainties from the determination of the current
renormalization factor, Z, that are correlated between the
points. The data points have been corrected for c quark mass
mistuning and sea quark mass e↵ects, but the corrections are
smaller than the error bars (the value for the deliberately
mistuned c mass on set 2 is not shown). The blue dashed
line with grey error band displays our continuum/chiral fit.
Experimental results determined from Re+e� (eq. (12)) are
plotted as the black points at the origin o↵set slightly from
the y-axis for clarity.

⌘

c

. The form factor is related to the matrix element of
the vector current between the two mesons by:

h⌘
c

(p0)|c�µ

c|J/ (p)i =
2V (q2)

(M
J/ 

+ M

⌘

c

)
"

µ↵��

p

0
↵

p

�

✏

J/ ,�

(13)
Note that the right-hand-side vanishes unless all the vec-
tors are in di↵erent directions. Here we use a normalisa-
tion for V (q2) appropriate to a lattice QCD calculation
in which the vector current is inserted in one c quark line
only and the quark electric charge (2e/3) is taken as a
separate factor. The decay rate is then given by [8]:

�(J/ ! ⌘

c

�) = ↵

QED

64|~q|3
27(M

⌘

c

+ M

J/ 

)2
|V (0)|2, (14)

where it is the form factor at q

2 = 0 that contributes be-
cause the real photon is massless. |~q| is the corresponding
momentum of the ⌘

c

in the J/ rest-frame.
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Using HISQ to span range from c to b

Moments for mh > mc 
and for a=0.15fm to  
0.045fm (nf=2+1)

Quark mass ratios  
for a =0.15fm to 0.06fm  
(nf=2+1+1) compared to  
nf=2+1
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FIG. 6. The ratio of the h and c quark masses as a function of the
mass of hh pseudoscalar meson mass. The data come from simu-
lations at lattice spacings of 0.15, 0.12, 0.09 and 0.06 fm; the data
points are colored magenta, blue, green, and red, respectively. The
gray band and dashed line in the top panel show function Eq. (47)
with the best fit parameters, extrapolated to zero lattice spacing
and the correct sea-quark masses. The bottom panel compares the
nf = 4 data with extrapolated results obtained in [2] from current-
current correlators in nf = 3 simulations.

tuning the lattice spacing and quark masses, which leads to
the lack of sea-quark mass dependence in mc/ms discussed
just above. The absence of sea-mass dependence is apparent
from Fig. 5, where the clusters of data points correspond to en-
sembles with the same bare lattice coupling but different sea-
quark masses. This figure can be compared with Fig. 6 in [33],
which shows much larger sea-mass dependence. Both ap-
proaches should agree when extrapolated to zero lattice spac-
ing and the physical sea-quark masses.

IV. mh/mc FROM m⌘h

An analysis similar to that in the previous section allows us
to relate heavy-quark masses mh to the hh pseudoscalar mass
m⌘h with data from Table III. This can be used, for example,
to estimate the b mass by extrapolating to m⌘b .

Here we fit the lattice mass ratios m
0h/mtuned

0c to the fol-
lowing function of m⌘h from the simulation:

mh

mc
=

m⌘h

m⌘c

NX

n=0

fn(m⌘h)

⇣am⌘h

4

⌘
2n

+ f
sea

(⌘h)

m⌘h

m⌘c

�msea

uds

ms

⇣am⌘h

4

⌘
2

(47)

where N = 20, although any N > 3 gives the same result.
Here fn(m⌘h) and f

sea

(m⌘h) are cubic splines with knots at

m
knots

= {2.9, 3.6, 4.6, 7.9} GeV. (48)

The maximum and minimum knots correspond to the maxi-
mum and minimum values of m⌘h , while the locations of the

internal knots were obtained by treating those locations as fit
parameters. Each f is parameterized by

f(m) = f
0

+ �f(m) (49)

and fit parameters

f
0

= 0 ± 1

�f(m) = 0 ± 0.15 m 2 m
knots

�f 0
(m) = 0.15 ± 0.15 m = 2.9 GeV. (50)

We reduce the priors for the leading a2 errors by a factor
of 1/3 since these errors are suppressed by ↵s in the HISQ dis-
cretization. The choice of priors for the spline parameters is
motivated by results from [2] (see Figure 4 in that paper).

The fit is excellent with a �2 per degree of freedom of 0.44
for 29 pieces of data: see the top panel in Figure 6. Finite
lattice spacing errors are much smaller for this quantity than
for the moments, and it is again largely independent of mis-
tunings in the sea-quark masses. Extrapolating to m⌘b gives

mb/mc = 4.528(54) (51)

which agrees with our nf = 3 result of 4.51(4), but with
larger errors [2]. Our new nf = 4 data go down to lat-
tice spacings of 0.06 fm; our earlier analysis also had results
at 0.045 fm.

The bottom panel of Figure 6 compares our new nf =

4 data with nf = 3 results obtained from fits to the current-
current correlators [2]. The agreement is excellent, showing
again that nf = 3 and nf = 4 are consistent with each other.

V. CONCLUSIONS AND OUTLOOK

The initial extractions of quark masses from heavy-quark
current-current correlators relied upon experimental data from
ee annihilation [34, 35]. Our analysis here, like the two that
preceded it [2, 30], replaces experimental data with nonper-
turbative results from tuned lattice simulations.

Lattice simulations offer several advantages over experi-
ment for this kind of calculation [1]. For one thing, simu-
lations are easier to instrument than experiments and much
more flexible. Thus we can generate lattice “data” not just
for vector-current correlators, but for any heavy-quark cur-
rent or density; we optimize our simulations by using the
pseudoscalar density instead of the vector current. Experi-
ment provides results for only two heavy-quark masses — mc

and mb — but we can produce lattice data for a whole range
of masses between mc and mb. This means that ↵

MS

(µ)

varies continuously, by almost a factor of two, in our analysis
since µ / mh. Here we use this variation to estimate and
bound uncalculated terms in perturbation theory, providing
much more reliable estimates of perturbative errors than the
standard procedure of replacing µ by µ/2 and 2µ. (Our anal-
ysis is essentially independent of µ.) Nonperturbative contri-
butions are also strongly dependent upon mh, and therefore
more readily bound if a range of masses is available; they are
negligible in our analysis.

mb/mc = 4.53(5)
HPQCD, in prep; B. Chakraborty et al 1408.4169



withNm ¼ Na ¼ 4 [15]. We choose c0000 ¼ 1. This expan-
sion is in powers of quark masses and the QCD scale
parameter !QCD " 0:5 GeV divided by the ultraviolet cut-
off for the lattice theory: !UV " !=a. The fit parameters
are the coefficients cijkl for each of which we use a prior of
0# 1:5, which is conservative [16]. The lattice spacing
effects are dominated by the amh terms. We include both
ams and a!QCD for completeness, but they have a very
small effect because a is small for most of our data. Leaving
out either or both makes no difference to our results.

Our data for five different lattice spacings and a wide
range of masses mHs

are presented with our fit results in
Fig. 1. The reach in mHs

grows as the lattice spacing
decreases (since we restrict amh < 1), and deviations
from the continuum curve get smaller. The fit is excellent,
with a "2 per degree of freedom of 0.36 while fitting all 17
measurements. The small "2 results from our conservative
priors (we get excellent fits and smaller errors with priors
that are half the width).

Having determined the parameters in Eq. (1), the
second step in our analysis is to set MHs

¼ MBs
, a ¼ 0,

andm#s
¼ m#s;phys in that formula to obtain our final value

for fBs
,

fBs
¼ 0:225ð4Þ GeV; (3)

which agrees well with the previous best NRQCD result of
0.231(15) GeV [17] but is almost 4 times more accurate.
Our result also agrees with the recent result of 0.232
(10) GeV from the ETM collaboration, although that
analysis includes only two of the three light quarks in the
quark sea [18]7 (see [8]).

Our total error is split into its component parts following
the procedure described in [19] to give the error budget in
Table III. It shows that the dominant errors come from
statistical uncertainties in the simulations, the mHs

! mBs

extrapolation, the a2 ! 0 extrapolation, and uncertainties
in the scale-setting parameter r1. Our analysis of fDs

in [6]
indicates that finite volume errors, errors due to mistuned
sea-quark masses, errors from the lack of electromagnetic
corrections, and errors due to lack of c quarks in the sea are
all significantly less than 1%, and so negligible compared
with our other uncertainties. Our final result is also insen-
sitive to the detailed form of the fit function; for example,
doubling the number of terms has negligible effect (0:03$)
on the errors and value.
We have also included in Fig. 1 (right) a plot of

ffiffiffiffiffiffiffiffiffi
mHs

p
fHs

for different values of mHs
. This shows that there are large

nonleading terms in fHs
, beyond the leading 1=

ffiffiffiffiffiffiffiffiffi
mHs

p
behavior predicted by HQET. Our simulation nevertheless
provides evidence for the leading term. Treating exponent
b in Eq. (1) as a fit parameter, rather than setting it equal to
&0:5, we find a best-fit value of b ¼ &0:51ð13Þ, in ex-
cellent agreement with the HQET prediction. This is the
first empirical evidence for this behavior.

FIG. 1 (color online). The leptonic decay constant fHs
for pseudoscalar h"s mesons Hs, plotted on the left versus the Hs mass

as the h-quark’s mass is varied. The solid line and gray band show our best-fit estimates for the decay constants extrapolated
to zero lattice spacing. Best-fit results (dashed lines) and simulation data are also shown for five different lattice spacings, with
results for smaller lattice spacings extending to higher masses (since we restrict amh < 1). The simulation data points have
been corrected for small mistunings of the s quark’s mass. On the right the same simulation data and fits are plotted for

ffiffiffiffiffiffiffiffiffi
mHs

p
fHs

versus 1=mHs
.

TABLE III. Dominant sources of uncertainty in our determi-
nations of the Bs decay constant and the Bs & #b mass differ-
ence. Contributions are shown from the extrapolations inmHs

, a2

and ms, as well as statistical errors in the simulation data and
errors associated with the scale-setting parameter r1. Other
errors are negligible.

fBs
mBs

&m#b
=2

Monte Carlo statistics 1.30% 1.49%
mHs

! mBs
extrapolation 0.81 0.05

r1 uncertainty 0.74 0.33
a2 ! 0 extrapolation 0.63 0.76
m#s

! m#s;phys extrapolation 0.13 0.18
r1=a uncertainties 0.12 0.17
Total 1.82% 1.73%
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Mapping out dependence of heavy-light physics on 
heavy quark mass using HISQ ...

fBs < fDs fBs = 225(4)MeV

uses HISQ and multiple mh and a. Finest: a=0.045fm

but only by 10%:
fBs/fDs = 0.906(14) HPQCD: C. Davies et al, 1008.4010;!
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State-of-the-art B and Bs meson decay constants using 
physical u/d quarks and NRQCD b

HPQCD: R Dowdall et al,
1302.2644. 

3

B and Bs are fit separately; priors used in the fit are
described in [11]. The amplitudes and energies from the

fits are given in Tables IV and V. a3/2⇥(0)
q is the matrix

element of the leading current J (0)
0 and a3/2⇥(1)

q that of

J (1)
0 and J (2)

0 , whose matrix elements are equal at zero
meson momentum. Notice that the statistical errors in
⇥ do not increase on the physical point lattices, because
they have such large volumes.

We take two approaches to the analysis. The first is
to perform a simultaneous chiral fit to all our results for
⇥,⇥s,⇥s/⇥ and MBs � MB using SU(2) chiral pertur-
bation theory. The second is to study only the physical
u/d mass results as a function of lattice spacing.

For the chiral analysis we use the same formula and
priors for MBs � MB as in [11]. Pion masses used in
the fits are listed in Table V and the chiral logarithms,
l(M2

�), include the finite volume corrections computed
in [18] which have negligible e⇤ect on the fit. For the
decay constants the chiral formulas, including analytic
terms up to M2

� and the leading logarithmic behaviour,
are (see e.g. [19]):

⇥s = ⇥s0(1.0 + bsM
2
�/�

2
⇥) (5)

⇥ = ⇥0

�
1.0 + bl

M2
�

�2
⇥

+
1 + 3g2

2�2
⇥

�
�3

2
l(M2

�)

⇥⇥
(6)

The coe⇧cients of the analytic terms bs, bl are given
priors 0.0(1.0) and ⇥0,⇥s0 have 0.5(5). To allow for
discretisation errors each fit formula is multiplied by
(1.0 + d1(�a)2 + d2(�a)4), with � = 0.4 GeV. We ex-
pect discretisation e⇤ects to be very similar for ⇥ and ⇥s

and so we take the di to be the same, but di⇤ering from
the di used in the MBs �MB fit. Since all actions used
here are accurate through a2 at tree-level, the prior on
d1 is taken to be 0.0(3) whereas d2 is 0.0(1.0). The di are
allowed to have mild mb dependence as in [11]. The ratio
⇥s/⇥ is allowed additional light quark mass dependent
discretisation errors that could arise, for example, from
staggered taste-splittings.

Error % �Bs/�B MBs �MB �Bs �B

EM: 0.0 1.2 0.0 0.0
a dependence: 0.01 0.9 0.7 0.7
chiral: 0.01 0.2 0.05 0.05
g: 0.01 0.1 0.0 0.0
stat/scale: 0.30 1.2 1.1 1.1
operator: 0.0 0.0 1.4 1.4
relativistic: 0.5 0.5 1.0 1.0
total: 0.6 2.0 2.0 2.1

TABLE VI: Full error budget from the chiral fit as a per-
centage of the final answer.

The results of the decay constant chiral fits are plot-
ted in Figs. 1 and 2. Extrapolating to the physical
point appropriate to ml = (mu + md)/2 in the absence
of electromagnetism, i.e. M� = M�0 , we find ⇥Bs =
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FIG. 1: Fit to the decay constant ratio �Bs/�B . The fit
result is shown in grey and errors include statistics, and chi-
ral/continuum fitting.
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FIG. 2: Fit to the decay constants �Bs and �B . Errors on the
data points include statistics/scale only. The fit error, in grey,
includes chiral/continuum fitting and perturbative errors.

0.520(11) GeV3/2, ⇥B = 0.428(9) GeV3/2, ⇥Bs/⇥B =
1.215(7). For MBs �MB we obtain 86(1) MeV, in agree-
ment with the result of [11].
Figs 3 and 4 show the results of fitting MBs � MB

and decay constants from the physical point ensembles
only, and allowing only the mass dependent discretisation
terms above. The results are ⇥Bs = 0.515(8) GeV3/2,
⇥B = 0.424(7) GeV3/2, ⇥Bs/⇥B = 1.216(7) and MBs �
MB = 87(1) MeV. Results and errors agree well between
the two methods and we take the central values from the
chiral fit as this allows us to interpolate to the correct
pion mass.
Our error budget is given in Table VI. The errors that

are estimated directly from the chiral/continuum fit are
those from statistics, the lattice spacing and g and other
chiral fit parameters. The two remaining sources of error
in the decay constant are missing higher order corrections
in the operator matching and relativistic corrections to
the current. We estimate the operator matching error by
allowing in our fits for an amb-dependent �2

s correction to
the renormalisation in Eq. 4 with prior on the coe⇧cient

= ml/ms

MILC HISQ 2+1+1 
configs with u/d down to 
physical values + 
improved NRQCD for b

Bs to B decay constant 
ratio accurate to 0.6% - 
since Z factors cancel. 
Separate decay 
constants to 2%

fBs = 224(5)MeV

fB = 186(4)MeV



Compare NRQCD and HISQ for lighter-than-b quarks
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Good agreement, despite very different formalisms, where 
they overlap. 



• sets of ‘2nd generation’ gluon configs now being made:  
            at physical value (so no extrapoln) or  
         down to 0.05fm (so b quarks are ‘light’) or 
much higher statistics (which will help with e.g. multi-
hadron calculations)

mu,d

a

Conclusion
•  Lattice QCD results for gold-plated hadron masses and 
decay constants now providing stringent tests of QCD/SM at 
zero temperature. 
• Gives QCD parameters and some CKM elements to 1%, 
tests of sum rules/HQET etc. 

• using relativistic b will become routine for some 
calculations. Nonrelativistic methods will continue to be  
useful when very high statistics is key requirement. 



Spares



Comparison of discretisation errors between HISQ and 
twisted mass (which has tree-level a2 errors) 19
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FIG. 14: The rest (static) and kinetic masses for the ⌘c me-
son compared between the HISQ formalism (this paper) and
the twisted mass formalism (Figure 3 from [10]), and plotted
against the square of the lattice spacing. The rest mass is
given by open circles and the kinetic mass by open triangles,
red for twisted mass and blue for HISQ. Errors include the
full lattice spacing error on each point.
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FIG. 15: RJ/ � 1 plotted against a

2 in fm2 for three dif-
ferent quark formalisms for the c quark: HISQ (this pa-
per, blue open circles), twisted mass ([10], red open squares)
and Fermilab clover ([29], green open triangles, showing re-
sults on the two finest lattices only). RJ/ is MJ/ /M⌘

c

so
RJ/ � 1 = �Mhyp/M⌘

c

. For the twisted mass and Fermilab
clover results the heaviest and lightest sea quark masses are
plotted at each value of the lattice spacing. Only statistical
errors are shown. Additional errors from (twice) the lattice
spacing error amount to 2% for HISQ and Fermilab clover and
4-7% for twisted mass. The black cross is the experimental
average [7], o↵set slightly from the origin for clarity.
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FIG. 16: fJ/ in GeV is plotted against a

2 in fm2 for the
HISQ formalism (this paper, blue open circles) and for twisted
mass ([10], red open squares). For the twisted mass case the
heaviest and lightest sea quark masses are plotted at each
value of the lattice spacing. Only statistical errors are shown
for the twisted mass results. For the HISQ results we show the
raw data from Table II with statistical and uncorrelated lat-
tice spacing errors. There is an additional error of 1.3% from
correlated lattice spacing and Z factor uncertainties. The
black cross is the experimental result from the average lep-
tonic width [7], o↵set slightly from the origin for clarity.
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FIG. 17: The vector form factor for J/ ! ⌘c decay at q2 = 0,
V (0), is plotted against a2 in fm2 for the HISQ formalism (this
paper, jpsigamma0 method, blue open circles) and for twisted
mass ([10], red open squares). For the twisted mass case the
heaviest and lightest sea quark masses are plotted at each
value of the lattice spacing. Errors include statistical errors
and uncertainties in the Z factors. The black cross is the
experimental result from the rate for J/ ! ⌘c� decay [26],
o↵set slightly from the origin for clarity.

Plot shows mismatch of kinetic mass and static mass,  
equivalent to a test of the ‘speed of light’.
HPQCD, G. Donald et al, 1208.2855



B, Bs decay constant 
summary 2014

185(3) 225(3) averages

Different  
lattice 
results in 
good 
agreement

 150  175  200  225  250  275  300
fBx

 / MeV

PDG av. branching fraction
+ unitarity Vub 

HPQCD NRQCD
1302.2644

HPQCD NRQCD
1202.4914

HPQCD HISQ 1110.4510

FNAL/MILC 1112.3051
RBC/UKQCD 1404.4670

ETMC 1308.1851
ALPHA 1404.3590
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Set mca
⇣

GV
4

Z2a2

⌘1/2 ⇣
GV

6
Z2a4

⌘1/4 ⇣
GV

8
Z2a6

⌘1/6 ⇣
GV

10
Z2a8

⌘1/8

1 0.622 0.5399(1) 1.2162(1) 1.7732(1) 2.2780(1)
2 0.63 0.5339(1) 1.2054(1) 1.7581(1) 2.2584(1)
2 0.66 0.5135(1) 1.1692(1) 1.7081(1) 2.1941(1)
3 0.617 0.5434(1) 1.2223(1) 1.7817(1) 2.2888(1)
4 0.413 0.7586(1) 1.6351(1) 2.3887(2) 3.0952(2)
5 0.273 1.0681(1) 2.2705(2) 3.3454(3) 4.3601(4)
6 0.193 1.4323(3) 3.0397(5) 4.4990(7) 5.8738(8)

TABLE IV: Results in lattice units for time moments of the
J/⇤ correlator as defined in eq. (10). We give results for n=4,
6, 8 and 10.

(GV
4 )1/2 (GV

6 )1/4 (GV
8 )1/6 (GV

10)
1/8

(amc)
2 extrapolation 0.18 0.18 0.16 0.16

statistics 0.05 0.04 0.03 0.03
lattice spacing 0.32 0.51 0.43 0.30
sea quark extrapolation 0.14 0.13 0.12 0.12
M�c tuning 0.15 0.18 0.17 0.16
Z 1.23 0.61 0.41 0.31
electromagnetism 0.3 0.2 0.1 0.05
Total (%) 1.3 0.9 0.7 0.5

TABLE V: Complete error budget for the time moments of
the J/⇤ correlator as a percentage of the final answer.

Re+e� = ⌃(e+e� � hadrons)/⌃pt [22, 23]. The values,
extracted from experiment by [22] and appropriately nor-
malised for the comparison to ours, are:

(M exp
1 4!/(12⇧2e2c))

1/2 = 0.3142(22)GeV�1

(M exp
2 6!/(12⇧2e2c))

1/4 = 0.6727(30)GeV�1

(M exp
3 8!/(12⇧2e2c))

1/6 = 1.0008(34)GeV�1

(M exp
4 10!/(12⇧2e2c))

1/8 = 1.3088(35)GeV�1. (12)

Our results from lattice QCD have approximately double
the error of the experimental values but together these
results provide a further test of QCD to better than 1.5%.

C. �(J/⇤ � �⇥c)

The radiative decay of the J/⌥ meson to the ⌅c re-
quires the emission of a photon from either the charm
quark or antiquark and a spin-flip, so it is an M1 transi-
tion. Because it is sensitive to relativistic corrections this
rate is hard to predict in nonrelativistic e⇥ective theories
and potential models (see, for example, [24, 25]) Here
we use a fully relativistic method in lattice QCD with
a nonperturbatively determined current renormalisation
and so none of these issues apply. In addition, of course,
the lattice QCD result is free from model-dependence.
The quantity that parameterises the nonperturbative

QCD information (akin to the decay constant of the pre-
vious section) is the vector form factor, V (q2), where q2

is the square of the 4-momentum transfer from J/⌥ to
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FIG. 4: Results for the 4th, 6th, 8th and 10th time moments
of the charmonium vector correlator shown as blue points and
plotted as a function of lattice spacing. The errors shown (the
same size or smaller than the points) include (and are domi-
nated by) uncertainties from the determination of the current
renormalization factor, Z, that are correlated between the
points. The data points have been corrected for c quark mass
mistuning and sea quark mass e⇥ects, but the corrections are
smaller than the error bars (the value for the deliberately
mistuned c mass on set 2 is not shown). The blue dashed
line with grey error band displays our continuum/chiral fit.
Experimental results determined from Re+e� (eq. (12)) are
plotted as the black points at the origin o⇥set slightly from
the y-axis for clarity.

⌅c. The form factor is related to the matrix element of
the vector current between the two mesons by:

⇥⌅c(p⇥)|c⇥µc|J/⌥(p)⇤ = 2V (q2)

(MJ/⌃ +M⌅c)
�µ�⇥⇤p⇥�p⇥⇤J/⌃,⇤

(13)
Note that the right-hand-side vanishes unless all the vec-
tors are in di⇥erent directions. Here we use a normalisa-
tion for V (q2) appropriate to a lattice QCD calculation
in which the vector current is inserted in one c quark line
only and the quark electric charge (2e/3) is taken as a
separate factor. The decay rate is then given by [8]:

�(J/⌥ � ⌅c⇥) = �QED
64|q|3

27(M⌅c +MJ/⌃)2
|V (0)|2, (14)

where it is the form factor at q2 = 0 that contributes be-
cause the real photon is massless. |q| is the corresponding
momentum of the ⌅c in the J/⌥ rest-frame.

Charm contribution to 

V V

Subtract u,d,s using 
pert. th. to get 
contribn of charm 
vector correlator

Mn �
Z

ds

sn+1
Rc(s)

R =

�(e+e� ! hadrons)

�pt

Lattice calcln:

‘expt’ 

G. Donald et al, HPQCD,1208.2855 -!
b physics calculation underway

 from J. Kuhn et al, 
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Figure 3: R(s) for different energy intervals around the charm threshold region. The
solid line corresponds to the theoretical prediction, the uncertainties obtained from the
variation of the input parameters and of µ are indicated by the dashed curves. The inner
and outer error bars give the statistical and systematical uncertainty, respectively.

bottom case are obvious.
Below 3.73 GeV only u, d and s quarks are produced. To allow for a smooth transition
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3

B and Bs are fit separately; priors used in the fit are
described in [11]. The amplitudes and energies from the

fits are given in Tables IV and V. a3/2⇥(0)
q is the matrix

element of the leading current J (0)
0 and a3/2⇥(1)

q that of

J (1)
0 and J (2)

0 , whose matrix elements are equal at zero
meson momentum. Notice that the statistical errors in
⇥ do not increase on the physical point lattices, because
they have such large volumes.

We take two approaches to the analysis. The first is
to perform a simultaneous chiral fit to all our results for
⇥,⇥s,⇥s/⇥ and MBs � MB using SU(2) chiral pertur-
bation theory. The second is to study only the physical
u/d mass results as a function of lattice spacing.

For the chiral analysis we use the same formula and
priors for MBs � MB as in [11]. Pion masses used in
the fits are listed in Table V and the chiral logarithms,
l(M2

�), include the finite volume corrections computed
in [18] which have negligible e⇤ect on the fit. For the
decay constants the chiral formulas, including analytic
terms up to M2

� and the leading logarithmic behaviour,
are (see e.g. [19]):

⇥s = ⇥s0(1.0 + bsM
2
�/�

2
⇥) (5)

⇥ = ⇥0

�
1.0 + bl

M2
�

�2
⇥

+
1 + 3g2

2�2
⇥

�
�3

2
l(M2

�)

⇥⇥
(6)

The coe⇧cients of the analytic terms bs, bl are given
priors 0.0(1.0) and ⇥0,⇥s0 have 0.5(5). To allow for
discretisation errors each fit formula is multiplied by
(1.0 + d1(�a)2 + d2(�a)4), with � = 0.4 GeV. We ex-
pect discretisation e⇤ects to be very similar for ⇥ and ⇥s

and so we take the di to be the same, but di⇤ering from
the di used in the MBs �MB fit. Since all actions used
here are accurate through a2 at tree-level, the prior on
d1 is taken to be 0.0(3) whereas d2 is 0.0(1.0). The di are
allowed to have mild mb dependence as in [11]. The ratio
⇥s/⇥ is allowed additional light quark mass dependent
discretisation errors that could arise, for example, from
staggered taste-splittings.

Error % �Bs/�B MBs �MB �Bs �B

EM: 0.0 1.2 0.0 0.0
a dependence: 0.01 0.9 0.7 0.7
chiral: 0.01 0.2 0.05 0.05
g: 0.01 0.1 0.0 0.0
stat/scale: 0.30 1.2 1.1 1.1
operator: 0.0 0.0 1.4 1.4
relativistic: 0.5 0.5 1.0 1.0
total: 0.6 2.0 2.0 2.1

TABLE VI: Full error budget from the chiral fit as a per-
centage of the final answer.

The results of the decay constant chiral fits are plot-
ted in Figs. 1 and 2. Extrapolating to the physical
point appropriate to ml = (mu + md)/2 in the absence
of electromagnetism, i.e. M� = M�0 , we find ⇥Bs =

0.00 0.05 0.10 0.15 0.20 0.25
M2

⇥/M2
�s

1.14

1.16

1.18

1.20

1.22

1.24

1.26

(
f B

s�
M
B s
)/
(
f B
�
M
B)

Physical point

Set 1
Set 2
Set 3
Set 4

Set 5
Set 6
Set 7
Set 8

FIG. 1: Fit to the decay constant ratio �Bs/�B . The fit
result is shown in grey and errors include statistics, and chi-
ral/continuum fitting.
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FIG. 2: Fit to the decay constants �Bs and �B . Errors on the
data points include statistics/scale only. The fit error, in grey,
includes chiral/continuum fitting and perturbative errors.

0.520(11) GeV3/2, ⇥B = 0.428(9) GeV3/2, ⇥Bs/⇥B =
1.215(7). For MBs �MB we obtain 86(1) MeV, in agree-
ment with the result of [11].
Figs 3 and 4 show the results of fitting MBs � MB

and decay constants from the physical point ensembles
only, and allowing only the mass dependent discretisation
terms above. The results are ⇥Bs = 0.515(8) GeV3/2,
⇥B = 0.424(7) GeV3/2, ⇥Bs/⇥B = 1.216(7) and MBs �
MB = 87(1) MeV. Results and errors agree well between
the two methods and we take the central values from the
chiral fit as this allows us to interpolate to the correct
pion mass.
Our error budget is given in Table VI. The errors that

are estimated directly from the chiral/continuum fit are
those from statistics, the lattice spacing and g and other
chiral fit parameters. The two remaining sources of error
in the decay constant are missing higher order corrections
in the operator matching and relativistic corrections to
the current. We estimate the operator matching error by
allowing in our fits for an amb-dependent �2

s correction to
the renormalisation in Eq. 4 with prior on the coe⇧cient

Look at error budgets to see how things will improve in future ...

for different quantities different systematics are important 

1302.2644: calculation of B, Bs masses and decay constants

errors divided into extrapolation and other systematics:


