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When isn’t there a Sign Problem?

Whenever the fermion measure/jc‘(Mbe\\

describes conjugate quarks gc,qgc describes quarks q,q

QCD simulations fail due to light qqc bound states
carrying non-zero baryon charge

2 cases where this isn’t an issue
A: gg and gqgc states bind with different

dynamics and are not degenerate 93, qqc 93, qq°

eg. Gross-Neveu, NJL
Generic channel binding ~ O(1/N)

B: Goldstone baryons are a feature, not a bug qq m qq

eg. QC-D, isospin QCD, adjoint QCD, Goldstone channel binding ~ O(1)
6 in SU(4), 7 in G, bilayer graphene....

Today we’re mostly focussed
some models contain gauge invariant fermion states on Case A



Gross-Neveu model in 2 + 1 dimensions...

Ny
L= Z 7722(@ + m)% QNf (%%)

.. just about the simplest QFT with fermions
Can also write in terms of an auxiliary scalar o

_ 1
L=1i(P +m - WHL S0°

\/ Ny

For ¢* > ¢ ~ O(A™1) the ground state has a
dynamically-generated fermion mass >, = %Nf«ﬂ # 0

given in the Ny — oo limit by the chiral Gap Equation
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GN Thermodynamics

The large- N, approach can also to be applied to 7', ;1 # 0
and predicts a chiral symmetry restoring phase transition:

2.0
TC —N — : clT=0 = Z
‘u 0= 51,9 fhe| =0 0
Remarkably, lattice Monte Carlo simulations can be
applied to Ny < oo even for p # 0 Action is real!

chirally symmetric
_» quark matter
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There is even evidence for a tricritical point at small %!
[J.B. Kogut and C.G. Strouthos PRD63(2001)054502]



Fermi Surface Phenomena

Yl

Consider gq “jawbone” diagram N
e—iqaze—’i(j’.g’

C(i t "
L Tp) = r , ,
(5, %o) %: /p/q ip + puyo+ M i + pyo + M

i< e
0 = 2
C o [° pdpJo(py)e200V/PHHME o M o=2zo o (- ZEM)

X0 4

Gaussian width O(+/x)
> fle:
C o [7 pdpJo(py)e ™ ~ e Jo(ulg]) o< Jo(kry)

0

Oscillatory profile; shape constant as o ~
y dependence yields Bethe-Salpeter wave function
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Oscillations develop as u
Graphic evidence for existence of a sharp Fermi surface
Why does free-field theory prediction work so well?



Fermion Dispersion relation
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v Kp Br Kp/uBF
02 0.190(1) 0.989(1) 0.962(5)
03 0291(1) 1.018(1) 0.952(4)
0.4 0389(1) 0.999(1) 0.973(1)
0.5 0.485(1) 0.980(1) 0.990(2)
0.6 0584(3) 0.973(1) 1.001(2)

The fermion dispersion relation is fitted with

E(|k|) = —Ey + D sinh™!(sin |k|)

yielding the Fermi liquid parameters

Br =D

cosh Ej

cosh Kr




o Propagator in Quark Matter (N; — o0)

] — -
Givenby D Yk, p) =1 —T(k; pu) = Q

Static Limit k, = 0: D' = (pu— )
Complete screening for r > 0 < Debye mass Mp = x
Explains free-field Friedel oscillations

Zero Momentum Limit k = 0: D1 = %[Mg + kg

Conventional boson of mass M, = 2+/u(u — p)
Stable because decay into ¢g requires energy 2u

and is Pauli-blocked. < Plasma frequency wp = M,



Numerical Results with NV, = 4
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In the bulk chirally symmetric phase (¢ < g.,u =T = 0), the
o correlator does not resemble that of a bound state, but
rather a resonance with width I'" increasing as g \, 0

ie. D' o (B+T) = py(w)

['w

w2_|_1"2



Numerical Results with NV, = 4
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In contrast with behaviour in the chirally-symmetric bulk
phase, in quark matter the o exhibits a sharply-defined
pole at M, (u) consistent with O(1/N¢) corrections to the

leading order result M, = 2/pu(p — ) with pea = 0.16

Note o tightly bound for =* <1



Meson Correlation Functions

2 (0) U expik )
X

For k # ( can always excite a particle-hole pair with almost
zero energy = algebraic decay of correlation functions

( A\% zero energy
‘]C| <<Iu & pairs :}CN%

L

Overhauser instability
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Plots of O%(/Z, zo) show special behaviour for |k| = 2u
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eg. in the spin-1 channel at na = 0.6, C.,, (left) looks
algebraic as predicted by free field theory, but C,, (right)

decays exponentially.

The interpolating operator for C,, in terms of continuum

fermions is (o ® 7)q
le. with same quantum numbers as baryon charge density
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Dispersion relation E(|k|) extracted from C,,

A masslessTvector excitation?

Llongitudinal



Sounds Unfamiliar? P e
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In the Fermi liquid framework a possible explanation is a
collective excitation thought to become important as

T — 0: Zero Sound

Ordinary FIRST sound is a breathing mode 7~
of the Fermi surface: velocity 3; ~ %’%F

ZERO sound is a propagating distortion

of the Fermi surface: velocity 5, must be determined
self-consistently



Fermi Liquid Behaviour Landau (1958) Baym & Chin (1976)

Basic idea: dominant low energy excitations are

quasiparticles carrying same quantum numbers as
fundamental particles

Quasiparticle energy: ¢; Width: ~ (e — p)?

—1
Equilibrium distribution: n; = (exp(gET_“) 1)

ForT—=0 &7~ pu+ Br(|k| — kp)

The heart of Landau’s approach is the variation of ¢ under
small departures from equilibrium:

A2k
55];»:/(2@2?,;,;»,5%5,




The Fermi Liquid Interaction is related to T — M -
the 2-particle forward scattering amplitude koK'

k i k k
k k’ k
Direct Exchange
attractive repulsive
vanishes in chiral limit naturally O(1/Ny)
2 | MW
g k.k - o
Fre = —— |1 D,(ez —em, k—k
P AN, cen (ez — &7 )
T
= (1 — cosB)
Ny Mz (1)

Since at Fermi surface e; — ¢, ~ 0
we can take the static limit of D,



Boltzmann equation in collisionless limit:

s — cosf g do’ .
d(6 .7: d(0") =G R—cos(60—0")|P(6
—0L0(0) = 15 § Fao®(#) = G| 5 [Rcos(6-0)]0 (0"
~ _ 2+G — B
for GN model G ~ gf—~, R = 575, 5 = 5.
sound speed : Fermi velocity 1  P(0) 1
005 L .
I _ :
0 s 05 0% 1 | | |
ua

A solution with s > 1 exists for almost all 1 > u.

®(0) highly peaked in the forward direction
SJH, CG Strouthos PRD70 056006



The NJL Model

Effective description of soft pions interacting with
nucleons/constituent quarks

Ly = V(@ +m—+ pyo)y — —[(W) — (VysTY)?]

~ B@ +mt e+ 0 + i >w+2< 77)

Introduce isopsin indices so full global symmetry is
SU(2),2SU(2) roU(1) 5

Dynamical ySB for ¢° > g = isotriplet Goldstone 7

Scalar isoscalar diquark ¥ Cvs ® 1 @ A" breaks U(1) 5

= diguark condensation signals high density ground state
IS superfluid

The NJL model informs phenomenology of colour superconductivity
M.G. Alford, K. Rajagopal and F. Wilczek, Nucl.Phys.B537(1999)443



Model is renormalisable in 2+1d so GN analysis holds

In 3+1d, an explicit cutoff is required. We follow the
large-N; (Hartree) approach of Klevansky (1992) and
match lattice parameters to low energy phenomenology:

Phenomenological | Lattice Parameters
Observables fitted | extracted

>0 = 400MeV ma = 0.006
fr = 93MeV 1/g* = 0.495
m,. = 138MeV a~ ! = 720MeV

The lattice regularisation preserves
SU(2),2SU(2) r@U(1) 5

SJH, DN Walters PRD69 076011
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Equation of State and Diquark Condensation
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The Superfluid Gap

Quasiparticle (0 (0)y(£)) = Ae Bty BemBdLi=t)
propagator: WuOalt) = Cle B — e B0

Results from 96 x 122 x L, na = 0.8 extrapolated to
L; — oo (ile. T"— 0) then 7 — 0
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The gap at the Fermi surface signals superfluidity
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e Near transition, A ~ const, () ~ Apu? 0.5 L A from Ly = 16 & 20 —-— _

[ A from L; = 16, 20 & 24 —=—
e A/>y~0.15 = A ~ 60MeV
iIn agreement with self-consistent approaches

o A/T, = 1.764 (BCS) = Ly ~ 35 005 L 7 S
explains why j — 0 limit is problematic Lp 1=

0.1 -

Study of pr = (fu — pta) # 0.

. . I
reintroduces a sign problem!
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partially quenched study of <au) vs (dd) baryon and isospin densities via

SJH, DN Walters NPhys.Proc.Suppl. 140 532 imaginary pi



NJL MOdel in 2+1d SJH, B Lucini, SE Morrison PRL86 753; PRD65 036004
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® u=0.8

-—— B,=0.67 K,=0.72
® u=0.8 free field

— B,=10 K,=0.8

Condensate vanishes as  No gap at Fermi surface
(V) o js
High density phase i > u. Is critical, rather like the low-T'
phase of the 2d XY model Kosterlitz & Thouless (1973)

60 =6(u) ~3—-5 Cf. 2d XY model § > 15
New universality class due to massless fermions

No long-range ordering, but phase coherence
(Prp(0)pep(r)) o< =" = Thin Film Superfluidity



10 (x)

Use a twisted source j(z) = joe with 6 periodic so VO=2x/L

—_ —

Expect J, = (Yyy) = Q%T as jo — 0 where Y is the helicity modulus
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Relativity in Graphene
H = —t;:;:bT<I‘)CL<I'—|—Si) +a'(r 4 s;)b(r) )

rcB =1

“tight-binding” Hamiltonian

describes hopping of electrons in TT-orbitals
from A to B sublattices and vice versa

Define modified operators a.(p) = a(f?i + p)

yielding a “4-spinor” W =(b+,ay,a_,b)"

( | Dy T 1Dy \
H o~ opy Wi [P b i | Y
S Yy o W .
P \ —py + ip, ) = low-energy massless fermions
: : 3 1
with velocity vp = St~ o5oc
= vp Y V(papu(p)
7

For monolayer graphene the number of flavors Ny= 2

(2 C atoms/cell x 2 Dirac points/zone X 2 spins = 2 flavors X 4 spinor)



Bilaxer' effeC‘l'ive ‘I‘heo r'M W Armour, SJH, CG Strouthos PRD87 065010
_ _ (D[A;u]+ m ij )(lp) 1,
L= (¢, F—A
N ¢)( —ij D[A; —u|l —m )\ ¢ 2g°
= VMV, +2ig2A2

Bias voltage L couples to layer fields Wy, ¢ with opposite sign
(Cf. isospin chemical potential in QCD)

Intra-layer () and inter-layer (1¢) interactions have same strength

"Gap parameters” m, j are IR regulators

“Covariant” derivative DT[A; u] = —D[A; —u]. inherited from gauge theory

(&= detM = det[(D +m)"(D+m)+;5° >0 No sign problem!
Case B

lattice sizes 323, 483
(g2a)! = 0.4 = close to QCP on chirally symmetric side



Carrier Density
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Exciton Condensate (TP = ag}z— (Db — o

iz
® e ® ja=0.01
T e . rapid rise with 1 to exceed
0l : . _ free-field value;
. then peak at pa~0.3;
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Quasiparticle Dispersion  <@(k)¥(k)>~ eE®t
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Amplitudes A, B, C show crossover
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And the gap A ?...
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Again, consistent with a gapped Fermi surface with A/u=0(1)
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Both A and kr scale superlinearly with U

This is a much more strongly correlated system
than the GN model!
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Summary

Simple models support rich behaviour once p£0
which can be exposed with orthodox simulation techniques

e in-medium modification of interactions
e Friedel oscillations
e sound
* Fermi surface pairing
* thin-film superfluidity
e strongly-correlated superfluidity
Left hanging:
how can we identify a Fermi surface in a gauge theory?

what extra physics does the Sign Problem “buy” for us?
superconductivity through pairing?

% *. There is life beyond the Sign Problem!




Hadron Wavefunctions

in Two Color QC
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