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Latest developments in
EPOS

Klaus Werner
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Many HI features observed in pp, so do we observe

a QGP (or at least some hydro expansion)?
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This talk

� New trends on the foundations

of hydrodynamics

� Microcanonical hadronization
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� A systematic way get the equations of rela-

tivistic hydrodynamics is via a formal gradi-

ent expansion (of ∇νT
µν = ∂νT

µν + Γµ
νλT

νλ + Γν
νλT

µλ = 0)

� The hydrodynamic gradient expansion has

(probably) a vanishing radius of convergence

� Good news: There are tools to deal with that.

Need to go beyond perturbative expansions.
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New trends on the foundations of hydro-
dynamics

� Resurgence theory => go beyond the case of

“small gradients” (close to equilibrium).

� Systematic treatment of divergent power se-

ries, methods to include exponential correc-

tions (“instantons”). Jean Ecalle (1981)

� Applied to hydrodynamics by several authors
(Michal P. Heller, Michal Spalinski, Phys. Rev. Lett. 115, 072501
(2015); Paul Romatschke and Ulrike Romatschke, arXiv:1712.05815;
Buchel, Michal P. Heller, Jorge Noronha Phys. Rev. D 94, 106011
(2016) )
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Truncated conformal Bjorken hydrodyn.

Mueller-Israel-Steward (MIS) approach
(second order + shear stress tensor π and bulk pressure Π dynamical quan-
tities, governed by relaxation equations)

+ imposing scale and boost invariance,

Michal P. Heller, M. Spalinski, Phys. Rev. Lett. 115, 072501 (2015)

τ ǫ̇ = −
4

3
ǫ+ φ, τπφ̇ =

4η

3τ
−

λ1φ
2

2η2
−

4τπφ

3τ
− φ,

with φ = −πy
y shear stress.

Equation considered (per def.) complete (not expan-

sion), but one is investigating perturbative solutions.
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With ǫ = T 4, τπ = Cτπ/T , λ1 = Cλ1
η/T , η = Cηs, defining

w and f as

w(τ) = τT, f(w) = τ
ẇ

w
,

=> diff. equation (DE) for f(w)

Cτπwff
′ + 4Cτπf

2 +

(

w −
16Cτπ

3

)

f

−
4Cη

9
+

16Cτπ

9
−

2w

3
= 0.

w = τ 2/3 for ideal hydro.
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Perturbative solution: series in powers of w−1

f =
∞
∑

n=0

anw
−n,

called hydrodynamical expansion for large w

(large times), coefficients obtained from DE:

an ∼ n!

so the series is divergent.
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Solving the equation numerically => attractor

well defined solu-

tions even at small w

(small times),

contrary to the per-

turbative expansion.

=> well defined solu-

tions “far off equilib-

rium”

Picture from Heller, M. Spalinski.
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Resummation

(a very systematic approch for divergent series)

f =
∞
∑

n=0

anw
−n,

(computed up to n = N = 200) is Borel transformed

fB(x) =
∞
∑

n=0

an
xn

n!
=

∞
∑

n=0

Bnx
n,

has a finite radius of convergence.
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The inverse Borel transform is

fiB(w) = w

∫ ∞

0

fB(x)e
−wxdx.

Analytic continuation of fB via Padé approximants

having a sequence of singularities

fPB(x) = h0(x) + (a− x)γh1(x) + (2a− x)2γh1(x) + ...

These branch-cut singularities

=> ambiguities (for large w) of the form

w−mγe−maw
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This ambiguity = feature of the hydrodynamic series

indication of physics outside the grad expansion.

The solution should have the form of a trans-series

f(w) =

∞
∑

m=0

cmw−mγe−maw fm(w)

with perturbative series fm,
get coeficients by substituting the trans-series into the DE, then same procedure

=> unique result called “resummation result”
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One finds (on percent level):

Resummed result

= Hydrodynamical attractor

both being in general quite different compared to the

perturbative expansions
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Conclusion (part 1)

� Hydro applicable even far off equilibrium

(in particular relevant for small systems)

� => True solution : Hydrodynamic attractor

Accessible (in principle) via resummation

� Frequently asked question:

“Why do small systems thermalize so quickly”

can be anwered: They don´t
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Microcanonical hadronization

� No need to match dynamical part

� Energy and flavor conservation

for small systems
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Grand canonical decay, T = 130 MeV

V=50 fm3; V=1000 fm3
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Microcanonical hadronization in EPOS
(very preliminary)

Hadronization

hyper-surface

xµ(τ, ϕ, η) :

x0 = τ cosh η,

x1 = r cosϕ,

x2 = r sinϕ,

x3 = τ sinh η

with r = r(τ, ϕ, η), representing the FO condition.
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Hypersurface element:

dΣµ = εµνκλ
∂xν

∂τ

∂xκ

∂ϕ

∂xλ

∂η
dτ dϕdη.

dΣ0 =

{

−r
∂r

∂τ
τ cosh η + r

∂r

∂η
sinh η

}

dτdϕdη,

dΣ1 =

{

∂r

∂ϕ
τ sinϕ+ r τ cosϕ

}

dτdϕdη,

dΣ2 =

{

−
∂r

∂ϕ
τ cosϕ+ r τ sinϕ

}

dτdϕdη,

dΣ3 =

{

r
∂r

∂τ
τ sinh η − r

∂r

∂η
cosh η

}

dτdϕdη.

dΣµ
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GC particle production via Cooper-Frye

E
dn

d3p
=

∫

dΣµp
µf(up),

assuming that “matter” is
a thermalized resonance
gas

(adding δf for viscous hydro, close to
equilibrium)
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More general:

Flow of momentum vector dP µ and conserved charges

dQA through the surface element:

dP µ = T µνdΣν,

dQA = JνAdΣν.

dPµ
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Momentum and charges are conserved :

∫

ΣFO

dP µ = P µ
ini
,

∫

ΣFO

dQA = QA ini

r

τ
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Construct an effective mass by summing surface

elements:

M =

∫

surface area

dM ,

with

dM =
√

dP µdPµ,

knowing for each element

four-velocity and volume

element

Uµ = dP µ/dM,

dV = uµdΣµ.

The four-velocity Uµ is
NOT equal to the fluid ve-
locity uµ! (Only in case of zero
pressure)
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These effective masses we decay microcanonically:

dP = CvolCdegCident

× δ(E − ΣEi) δ(Σ~pi)
∏

A

δQA,ΣqAi

n
∏

i=1

d3pi,

Cvol =
V n

(2π~)3n
, Cdeg =

n
∏

i=1

gi , Cident =
∏

α∈S

1

nα!
,

(nα is the number of particles of species α, S is the set of particle species)

then boost the particles according to velocities Uµ.
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Microcanonical decay

dP ∝ dΦNRPS = δ(M − ΣEi) δ(Σ~pi)
n
∏

i=1

d3pi

� Hagedorn 1958 methods to compute ΦNRPS

� Lorentz invariant phase space (LIPS) (James 1968)

� Hagedorn methods used for decaying QGP droplets

(Werner, Aichelin, 1994, Becattini 2003)

� 2012 (Bignamini,Becattini,Piccinini) compute ΦNRPS

via the Lorentz invariant phase space (LIPS)
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� Hagedorn integral method can be made very

efficient at large n, but becomes VERY time con-

suming at small n

� LIPS method very fast for small n,

gets time consuming at large n

� around n ≈ 30 − 40 both methods work

(=> checks)
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Hagedorn integral method, optimized

The phase-space integral:

φNRPS(M,m1, . . . , mn)

= (4π)n
∫ n
∏

i=1

p2i δ(E −
n
∑

i=1

Ei)W (p1, . . . , pn)
n
∏

i=1

dpi,

with the “random walk function” W given as

W (p1, . . . , pn) :=
1

(4π)n

∫

δ(
n
∑

i=1

pi ×
~pi
pi
)

n
∏

i=1

dΩ
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We obtain (Werner, Aichelin 94)

φ(M,m1, . . . ,mn) =

∫

1

0

dr1 . . .

∫

1

0

drn−1ψ(r1, ..., rn−1)

ψ =
(4π)n T n−1

(n− 1)!

n
∏

i=1

piEiW (p1, . . . , pn),

with zi = r
1/i
i , xi = zixi+1, si = xiT, ti = si − si−1,

Ei = ti +mi, T = M −
∑n

i=1mi

Suitable for MC
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The random walk function may be written as

W (p1, . . . , pn) =
1

(4π)n
1

(2π)3

∫ ∫

e−i~λΣpj p̂j

n
∏

j=1

dΩj d
3λ,

which gives W =
∫∞

0 F (λ) dλ with

F (λ) =
1

2π2
λ2

n
∏

j=1

sin pjλ

pjλ
.

For small λ :

n
∏

j=1

sin pjλ

pjλ
≈ exp

(

−P 2λ2
)

, P =

√

√

√

√

1

6

n
∑

j=1

p 2
j
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Approximation is stricly true for small λ, but for

large n it provides a good approximation over the

whole range of λ

=> estimate W ≈
(

4πP 2
)−3/2

In order to get more precise results, we define

F0(λ) = F (λ) × exp
(

P 2λ2
)

,

with F0/λ
2 being a slowly varying function of λ.
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This allows to use the Gauss-Hermite formula

W =
1

P

∫

∞

0

F0

(

x

P

)

× exp
(

−x2
)

dx

≈
1

P

K
∑

k=1

wGH
j F0

(

xGHj

P

)

,

with Gauss-Hermite nodes and weights xGHj and

wGH
j found in text books.

With only six nodes we get excellent results.
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Sampling via Markov chains

To generate K = {h1, . . . , hn; r1, ...rm} (m = 3n− 1 or m = 3n− 4)

according to Ω(K), consider random configurations

K0 , K1 , K2, ...

with Ωt being the law for Kt. Per def

Ωt+1(B) =
∑

A

Ωt(A) p(A → B)

Convergence in case of detailled balance:

Ω(A) p(A → B) = Ω(B) p(B → A)
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Use

p(A → B) = wAB × uAB ,

with a so-called proposal matrix w and an accep-

tance matrix u. Detailed balance now reads

uAB

uBA
=

ΩB

ΩA

wBA

wAB
,

which is fulfilled for

uAB = min

(

ΩB

ΩA

wBA

wAB
, 1

)

(more generally using some function F fulfilling F (z) / F (z−1) = z)
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Grand canonical limit

For very large M we should recover the “grand canon-

ical limit” for single particle spectra:

fk =
gkV

(2π~)3
exp

(

−
Ek

T

)

,

The average energy is

Ē =
gkV

(2π~)3

∑

k

∫ ∞

0

Ek exp

(

−
Ek

T

)

4πp2dp

Changing variables via EkdEk = pdp, and using K1(z) = z
∫

∞

1
exp(−zx)

√
x2 − 1dx, and

3K2(z) = z2
∫

∞

1
exp(−zx)

√
x2 − 1

3

dx,
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=>

Ē =
4πgkV

(2π~)3
m2T

(

3TK2(
m

T
) +mK1(

m

T
)

)

.

The microcanonical decay of an object of mass M

and volume V should converge (for M → ∞) to

the GC single particle spectra

with T obtained from M = Ē.
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First:

Pseudoparticles

� Normal hadron masses

� no flavor

Check effect of energy conservation
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GC decay, E/V= 0.333 GeV/fm3 T=164 MeV
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=200 GeV
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good test for
Metropolis proposal
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=100 GeV
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=50 GeV
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=25 GeV
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=12.5 GeV
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=6.25 GeV
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Now:

Normal particles

� Normal hadron masses

� Normal flavor content

Check effect of energy + flavor conservation
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GC decay, E/V= 0.333 GeV/fm3 T=164 MeV
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=200 GeV
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good test for
Metropolis proposal
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=100 GeV
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=50 GeV
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=25 GeV
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=12.5 GeV
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GC+MiC decay, E/V= 0.333 GeV/fm3 M=6.25 GeV
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Status on microcanonical hadronization:

� Reliable and fast methods,

even for large systems

� Todo:

– larger hadron set (54 hadrons presently)

– Implementation to do plasma hadronization
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Thank you



THOR / GDRI 2018 Lisbon, Portugal – Klaus Werner – Subatech – Nantes 54

Mueller-Israel-Steward (MIS) approach
(second order + π and Π dynamical quantities, governed by relaxation equa-
tions)

∇νT
µν = ∂νT

µν + Γµ
νλT

νλ + Γν
νλT

µλ = 0 (1)

with the Christoffel symbols defined as Γλ
µν = 1

2g
λρ (∂µgρν + ∂νgρµ − ∂ρgµν).

The energy-momentum tensor may be expressed via a systematic expansion
in terms of gradients (of ln ε and u):

T µν = T µν

(0) + T µν

(1) + T µν

(2) + ..., (2)

with the “equilibrium term” T µν

(0) = ǫuµuν − p∆µν, where ∆µν = gµν − uµuν is

the projector orthogonal to uµ. One usually writes

T µν = T µν

(0) +−Π∆µν + πµν . (3)

(shear stress tensor, bulk pressure). Mueller-Israel-Steward (MIS) theory:
Promote π and Π to dynamical quantities, governed by relaxation equations.
Details concerning second order expressions see Paul Romatschke and Ul-
rike Romatschke, arXiv:1712.05815.
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MIS approach (Yuri Karpenko)
η − τ coordinates, η/S = 0.08, ζ/S = 0

∂;νT
µν = ∂νT

µν + Γµ
νλT

νλ + Γν
νλT

µλ = 0

γ (∂t + vi∂i)π
µν = −

πµν − πµν
NS

τπ
+ Iµνπ γ (∂t + vi∂i)Π = −

Π−ΠNS

τΠ
+ IΠ

� Tµν = ǫuµuν
− (p + Π)∆µν + πµν ,

� ∂;ν denotes a covariant derivative,

� ∆µν = gµν
− uµuν is the projector orthog-

onal to uµ,

� πµν , Π shear stress tensor, bulk pressure

� π
µν

NS
= η(∆µλ∂;λu

ν + ∆νλ∂;λu
µ) − 2

3
η∆µν∂;λu

λ

� ΠNS = −ζ∂;λu
λ

� Iµν
π = −

4
3
πµν∂;γu

γ
− [uνπµβ + uµπνβ]uλ∂;λuβ

� IΠ = −

4
3
Π∂;γu

γ


