QFT HOMEWORK 1
DUE THURSDAY November 8

Note on normalization of states and creation and annihilation operators
In non-relativistic quantum mechanics, we normalize momentum
eigenstates as follows

(kIF") = 6 (k — &)

If we consider these one particle states as being created from creation
operator |k/ = ag|0), then the creation/annihilation operators satisfy the
commutation relation

g, ak] = 6@ (k- &)

These states are not relativistically normalized in the sense that
(AE|AK"Y # (k|K"). However, we can define relativistically normalized states
as follows (we label them with the four vector k instead of the three vector

k):
k) = (2m)*/2  [2ut |R)

These satisfy (Ak|Ak") = (k|k') and are created by creation operators
aL = (2m)3/? \/EECLE, such that |k) = a2\0>.

We can then write the mode expansion of a scalar field ¢(z) in to
equivalent ways as follows:

A3k - , d3k , ,
ﬂe_lk'””—i—aTelk'””) _ / (27T (ake—zk.x_i_azezk.x)

(;5(%):/(271_)3/2\/@(6% E )S(QWE)

Notice that in the first of these expressions in terms of a;; and a%, the
d3k

@m)P/2\for

operators are also not Lorentz invariant. In the second expression in terms

3 . . .
of oy, and aL, the measure % is Lorentz invariant and so are the
k

measure is not Lorentz invariant and the creation annihilation

creation annihilation operators o4 and a};.
1) Consider a real free scalar field. Using the canonical commutation
relations

[p(Z, 1), m(Z,1)] = i6° (% — &)

with other commutators being zero, show that the creation annihilation
operators in the mode expansion of ¢(Z,t) satisfy the only non-trivial



commutation relation

g, o] = (2m)%2w:83(k — &), [ag,al,] = 6°(k — k')

2) Using the commutation relations for the creation and annihilation
operators given above, show that the state

Ky, ko, - k) = al (k) -~ af () 0)

is an eigenstate of the hamiltonian with eigenvalue wy + - -+ + w,. The
vacuum |0) is annihilated by a(k), a(k)|0), and take its energy to be zero.

3) Under Lorentz transformation, the scalar field transforms
UM o(z)U(A)T = ¢(A'z), where U(A) is a unitary operator which
implements the Lorentz transformations on the Fock space. Show that
U(A)_laEU(A) = a,
-1 1 — At
U(A) aEU(A) = a,

and

and hence that

U(A)|E1,E2,---,En> _ (wA—ll?l)(wA—ll?Q) (wtjilﬁn)|AE17AE27”'7AETL>

and
U(A)’kh k27 T 7kn> - ‘Ak17Ak27 T 7Akn>

4) Let A(M)*, be a one parameter family of Lorentz transformations under
which a vector a* transforms as

at — al(\) = AN a”
Under this transformation, the scalar fields ¢* transform as

0"(z) = ¢ (2, 1) = ¢* (AN "2).
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Define a matrix ¢*, as
DA*, =€,

i) Show that the condition that e/, must satisfy given that a*b, is
invariant under Lorentz transformation is

€y + €vy =0

ii) What kind of transformations correspond to €yy = —e19 = +1 with all
other components being zero.
iii) What kind of transformations correspond to €19 = —€9; = +1 with all

other components being zero.

iv) Calculate D¢“.

v) Calculate DL.

vi) Show that the Noether’s current J* associated with Lorentz
transformations is

JH =€\ (Z ngka“qsa — x)‘g’wﬁ)

This current must be conserved for all six independent antisymmetric
matrices, €),, SO the quantity in the parenthesis that is antisymmetric in A
and o must be conserved, i.e. 0MM“)‘U = 0 where

MHA = > a7 ¢t — 2 gH L — (N o).
a
vii) Show that
MM = gATHe _ g oHA
viii) Show that the charge Q" = [d3zM 0A7 s given by the expression
0 — /d%(xAToU 27T
ix) Consider a system of point particles with momentum density given by

T, t) = > pld® (& — (1))

Show that J* = %eiijj ¥ is the ordinary three dimensional angular
momentum.
x) Using the fact that %Qm = 0, show that

i(f d3xxtT0

dt W) = constant

3



i.e. the relativistic analog of center of mass (we can call it center of
energy) moves with a constant velocity.

5) Consider a real scalar field with the Lagrangian density

2
£= 50,006~ "o — golw)o(a)

where p(z) — 0 are z# — oo in both the spatial and time-like direction.
i) Explicitly calculate all connected Wick diagrams.

ii) Show that if we start from the vacuum in the far past, the probability
to create n particles in the far future p,, is of the form

n
_ e—\aHOé" :

Pn

What is a?

iii) What is the expectation value of the number of particles (n) in the
final state?

iv) What is the expectation value of the Hamiltonian (H) in the final state?
v) What is the expectation value of momentum (p) in the final state?



